
vè;k; 7

d.kksa osQ fudk; rFkk ?kw.khZ xfr

7.1 Hkwfedk

fiNys vè;k;ksa esa geus eq[; :i ls vkn'kZ fcUnq d.k (,d d.k ftls
nzO;eku ;qDr fcUnq osQ :i esa O;Dr fd;k tk,A O;kogkfjd n`f"V ls bldk
dksbZ vkdkj ugha gksrk) dh xfr dk vè;;u fd;k FkkA fiQj] ;g ekurs gq,
fd ifjfer vkdkj osQ fi.Mksa dh xfr dks fcUnq d.k dh xfr osQ inksa esa O;Dr
fd;k tk ldrk gS] geus ml vè;;u osQ ifj.kkeksa dks ifjfer vkdkj osQ
fi.Mksa ij Hkh ykxw dj fn;k FkkA

nSfud thou esa ftrus fi.M gekjs laioZQ esa vkrs gSa os lHkh ifjfer
vkdkj osQ gksrs gSaA ,d foLr`r fi.M (ifjfer vkdkj osQ fi.M) dh xfr dks
iwjs rkSj ij le>us osQ fy, vkerkSj ij mldk fcUnqor~ vkn'kZ vi;kZIr jgrk
gSA bl vè;k; esa ge bl izfrca/ osQ ijs tkus dh ps"Vk djssaxs vkSj foLr`r]
ij ifjfer fi.Mksa dh xfr dks le>us dk iz;kl djsaxsA ,d foLr`r fi.M
izFker;k d.kksa dk ,d fudk; gSA vr% ge viuk foospu ,d fudk; dh
xfr ls gh 'kq: djuk pkgsaxsA ;gk¡ d.kksa osQ fudk; dk nzO;eku osQUnz ,d eq[;
vo/kj.kk gksxhA ge d.kksa osQ fudk; osQ nzO;eku osQUnz dh xfr dk o.kZu djsaxs
vkSj fiQj] ifjfer vkdkj osQ fi.Mksa dh xfr dks le>us esa bl vo/kj.kk dh
mi;ksfxrk crk;saxsA

cM+s fi.Mksa ls tqM+h cgqr lh leL;k,a mudks n`<+ fi.M ekudj gy dh
tk ldrh gSaA vkn'kZ n`<+ fi.M ,d ,slk fi.M gS ftldh ,d lqfuf'pr vkSj
vifjorZuh; vko`Qfr gksrh gSA bl izdkj osQ Bksl osQ lHkh d.k ;qXeksa osQ chp
dh nwfj;k¡ ifjo£rr ugha gksrhA n`<+ fi.M dh bl ifjHkk"kk ls ;g Li"V gS fd
dksbZ Hkh okLrfod fi.M iwjh rjg n`<+ ugha gksrk] D;ksafd lHkh O;kogkfjd
fi.M cyksa osQ izHkko ls foo`Qr gks tkrs gSaA ijUrq ,slh cgqr lh fLFkfr;k¡ gksrh
gSa ftuesa foo`Qfr;k¡ ux.; gksrh gSaA vr% dbZ izdkj dh fLFkfr;ksa esa ;Fkk ifg;s]
yV~Vw] LVhy osQ 'kgrhj vkSj ;gk¡ rd fd v.kq] xzg tSls fi.Mksa dh xfr dk
vè;;u djrs le;] ge è;ku u nsaxs fd muesa foo`Qfr vkrh gS] os eqM+rs gSa
;k dEiu djrs gSaA ge mUgsa n`<+ fi.M eku dj mudh xfr dk vè;;u djasxsA
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7.1.1 ,d n`<+ fi.M esa fdl izdkj dh xfr;k¡ gks
ldrh gSa\

vkb;s] ǹ<+ fi.Mksa dh xfr osQ oqQN mnkgj.kksa ls bl iz'u dk mÙkj
<wa<+us dh dksf'k'k djsaA izFke ,d vk;rkdkj CykWd ij fopkj djsa
tks ,d ur ry ij lh/k (fcuk b/j&m/j gVs) uhps dh vksj
fiQly jgk gSA CykWd ,d ǹ<+ fi.M gSA ur ry ij uhps dh vksj
bldh xfr ,slh gS fd blosQ lHkh d.k lkFk&lkFk py jgs gSa]
vFkkZr~ fdlh {k.k lHkh d.k leku osx ls pyrs gSa (fp=k 7.1)A
;gk¡ ;g ǹ<+ fiaM 'kq¼ LFkkukarj.k xfr esa gSA

'kq¼ LFkkukarj.k xfr esa fdlh {k.k fo'ks"k ij fi.M dk
izR;sd d.k leku osx ls pyrk gSA

fp=k 7.2 ur ry ij uhps dh vksj yq<+drk fl¯yMj (csyu)A   ;g
'kq¼ LFkkukarj.k xfr ugha gSA fdlh {k.k ij fcUnq P

1
, P

2
,

P
3
 ,oa  P

4
 osQ vyx&vyx osx gSa (tSlk fd rhj n'kkZrs

gSa)A okLro esa lEioZQ fcUnq P
3
 dk osx fdlh Hkh {k.k 'kwU;

gS ;fn csyu fcuk fiQlys gq, yq<+drk gSA

vkb;s] vc mlh ur ry ij uhps dh vksj yq<+drs gq,
,d /krq ;k ydM+h osQ csyu dh xfr ij fopkj djrs gSa
(fp=k 7.2)A ;g n`<+ fi.M (csyu) ur ry osQ 'kh"kZ ls
mldh ryh rd LFkkukarfjr gksrk gS] vr% blesa LFkkukarj.k
xfr gSA ysfdu fp=k 7.2 ;g Hkh n'kkZrk gS fd blosQ lHkh d.k
{k.k fo'ks"k ij ,d gh osx ls ugha py jgs gSaA vr% fi.M 'kq¼
LFkkukarj.k xfr esa ugha gSA vr% bldh xfr LFkkukarjh; gksus osQ
lkFk&lkFk ^oqQN vkSj vyx* Hkh gSA

;g ̂ oqQN vkSj vyx* Hkh D;k gS\ ;g le>us osQ fy,]
vkb;s] ge ,d ,slk n`<+ ̄ iM ysa ftldks bl izdkj O;o#¼
dj fn;k x;k gS fd ;g LFkkukarj.k xfr u dj losQA fdlh
ǹ<+ fi.M dh LFkkukarj.k xfr dks fu#¼ djus dh loZ lkekU;
fof/ ;g gS fd mls ,d ljy js[kk osQ vuqfn'k fLFkj dj
fn;k tk,A rc bl n`<+ fi.M dh ,dek=k laHkkfor xfr ?kw.khZ
xfr gksxhA og ljy js[kk ftlosQ vuqfn'k bl n`<+ fi.M dks
fLFkj cuk;k x;k gS bldh ?kw.kZu&v{k dgykrh gSA ;fn vki
vius pkjksa vksj ns[ksa rks vkidks Nr dk ia[kk] oqQEgkj dk pkd
(fp=k 7.3(a) ,oa (b))] fo'kky pØh&>wyk (tkW;UV Oghy)]
esjh&xks&jkm.M tSls vusd ,sls mnkgj.k fey tk;saxs tgk¡
fdlh v{k osQ ifjr% ?kw.kZu gks jgk gksA

(a)

(b)

fp=k 7.3 ,d fLFkj v{k osQ ifjr% ?kw.kZu
(a) Nr dk ia[kk
(b) oqQEgkj dk pkd

Fig 7.1 ur&ry ij ,d CykWd dh v/kseq[kh LFkkukarj.k
(fiQlyu) xfr (CykWd dk izR;sd ̄cnq ;Fkk P

1
, P

2
....

fdlh Hkh {k.k leku xfr esa gSa)
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146 HkkSfrdh

laca/ esa geus ;g eku fy;k gS fd ;g ,d LFkku ls nwljs
LFkku ij LFkkukarfjr ugha gksrk vkSj blfy, blesa LFkkukarj.k
xfr ugha gSA)  vius vuqHko osQ vk/kj ij ge ;g tkurs gSa fd
bl izdkj ?kwers yV~Vw dh v{k] Hkwfe ij blosQ lEioZQ&fcUnq
ls xqtjrs vfHkyEc osQ ifjr% ,d 'kaoqQ cukrh gS tSlk fd
fp=k 7.5(a) esa n'kkZ;k x;k gSA  (ÅèokZ/j osQ ifjr% yV~Vw dh
v{k dk bl izdkj ?kweuk iqjLlj.k dgykrk gS )A  è;ku nsa fd
yV~Vw dk og fcUnq tgk¡ ;g /jkry dks Nwrk gS] fLFkj gSA
fdlh Hkh {k.k] yV~Vw dh ?kw.kZu&v{k] blosQ lEioZQ fcUnq ls
xqtjrh gSA bl izdkj dh ?kw.kZu xfr dk nwljk ljy mnkgj.k
?kweus okyk est dk ia[kk ;k ihfBdk&ia[kk gSA vkius ns[kk gksxk
fd bl izdkj osQ ia[ks dh v{k] {kSfrt ry esa] nksyu xfr
(bèkj ls m/j ?kweus dh) djrh gS vkSj ;g xfr ÅèokZ/j js[kk
osQ ifjr% gksrh gS tks ml fcUnq ls xqtjrh gS ftl ij v{k dh
/qjh fVdh gksrh gS  (fp=k 7.5(b) esa fcUnq O)A

fp=k 7.5 (a) ?kwerk gqvk yV~Vw
(bldh fVi  O dk /jkry ij lEioZQ fcUnq fLFkj gS)

fp=k 7.5 (b) ?kwerk gqvk est dk ia[kk (ia[ks dh /qjh] fcUnq
O, fLFkj gS )

vkb;s] vc ge ;g le>us dh ps"Vk djsa fd ?kw.kZu D;k
gS] vkSj blosQ D;k vfHky{k.k gSa\ vki ns[k ldrs gSa fd ,d
n`<+ fi.M osQ ,d fLFkj v{k osQ ifjr% ?kw.kZu esa] fi.M dk
gj d.k ,d o`Ùk esa ?kwerk gSA ;g o`Ùk v{k osQ yEcor~ ry
esa gS vkSj budk osQUnz v{k ij vofLFkr gSA fp=k 7.4 esa ,d

fLFkj v{k (funsZ'k izsQe dh z-v{k) osQ ifjr% fdlh n`<+
fi.M dh ?kw.kZu xfr n'kkZ;h gSA ge v{k ls r

1
 nwjh ij fLFkr

ǹ<+ fi.M dk dksbZ LosPN d.k P
1
 ysaA ;g d.k v{k osQ ifjr%

r
1
 f=kT;k osQ o`Ùk ij ?kwerk gS ftldk osQUnz C

1
 v{k ij fLFkr

gSA ;g o`Ùk v{k osQ yEcor~ ry esa vofLFkr gSA fp=k esa ,d
nwljk d.k P

2
 Hkh n'kkZ;k x;k gS tks fLFkj v{k ls r

2 
 nwjh ij

gSA d.k  P
2 
]  r

2
 f=kT;k osQ o`Ùkkdkj iFk ij pyrk gS ftldk

osQUnz  v{k ij C
2
 gSA ;g òÙk Hkh v{k osQ yEcor~ ry esa gSA

è;ku nsa fd  P
1
 ,oa P

2
 }kjk cuk;s x, òÙk vyx&vyx ryksa esa

gSa ij ;s nksuksa ry fLFkj v{k osQ yEcor~ gSaA v{k ij fLFkr fdlh
fcUnq] tSls  P

3 
osQ fy,] r = 0 A ;s d.k] fi.M osQ ?kwers le;

Hkh fLFkr jgrs gSaA ;g visf{kr Hkh gS D;ksafd v{k fLFkj gSA
rFkkfi] ?kw.kZu osQ oqQN mnkgj.kksa esa] v{k fLFkj ugha Hkh

jgrhA bl izdkj osQ ?kw.kZu osQ eq[; mnkgj.kksa esa ,d gS] ,d
gh LFkku ij ?kwerk yV~Vw (fp=k 7.5(a))A (yV~Vw dh xfr osQ

fp=k 7.4 z-v{k osQ ifjr% ,d n`<+ fi.M dk ?kw.kZuA fi.M dk
izR;sd fcUnq  P

1
 ;k P

2
 ,d o`Ùk ij ?kwerk gS ftldk

osQUnz  (C
1
 ;k C

2
) v{k ij fLFkr gSA o`Ùk dh f=kT;k (r

1

;k r
2
) v{k ls fcUnq (P

1
 ;k P

2
) dh yEcor~ nwjh gSA

v{k ij fLFkr  P
3 
tSlk fcUnq fLFkj jgrk gSA
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d.kksa osQ fudk; rFkk ?kw.khZ xfr 147

tc ia[kk ?kwerk gS vkSj bldh v{k b/j ls m/j nksyu
djrh gS rc Hkh ;g fcUnq fLFkj jgrk gSA ?kw.kZu xfr osQ
vf/d lk£od ekeyksa esa] tSls fd yV~Vw ;k ihfBdk&ia[ks osQ
?kweus esa] n`<+ fi.M dk ,d fcUnq fLFkj jgrk gS] u fd ,d
js[kkA bl ekeys esa v{k rks fLFkj ugha gS ij ;g ges'kk ,d
fLFkj fcUnq ls xqtjrh gSA rFkkfi] vius vè;;u esa]
vf/dka'kr%] ge ,slh ljy ,oa fof'k"V ?kw.kZu xfr;ksa rd
lhfer jgsaxs ftuesa ,d js[kk (;kfu v{k) fLFkj jgrh gSA vr%
tc rd vU;Fkk u dgk tk;] gekjs fy, ?kw.khZ xfr ,d fLFkj
v{k osQ ifjr% gh gksxhA

,d ur ry ij uhps dh vksj csyu dk yq<+duk nks rjg

dh xfr;ksa dk la;kstu gS& LFkkukarj.k xfr vkSj ,d fLFkj v{k
osQ ifjr% ?kw.khZ xfrA vr%] yq<+du xfr osQ lanHkZ esa ftl
^oqQN vkSj vyx* dk ftØ igys geus fd;k Fkk og ?kw.khZ
xfr gSA bl n`f"Vdks.k ls fp=k 7.6(a) ,oa (b) dks vki i;kZIr
f'k{kkizn ik;saxsA bu nksuksa fp=kksa esa ,d gh fi.M dh xfr]
leku LFkkukarjh; xeu&iFk osQ vuqfn'k n'kkZbZ xbZ gSA fp=k
7.6(a) esa n'kkZbZ xbZ xfr 'kq¼ LFkkukarjh; gS] tcfd fp=k
7.6(b) esa n'kkZbZ xbZ xfr LFkkukarj.k ,oa ?kw.khZ nksuksa izdkj dh
xfr;ksa dk la;kstu gSA (vki Lo;a Hkkjh iqLrd tSlk ,d n`<+
fi.M isaQd dj n'kkZbZ xbZ nksuksa izdkj dh xfr;k¡ mRiUu djus
dh dksf'k'k dj ldrs gSaA)

vkb;s vc ge izLrqr [k.M esa o£.kr egRoiw.kZ rF;ksa dk
lkj fiQj ls vkidks crk;saA ,d ,slk n`<+ fi.M tks u rks
fdlh pwy ij fVdk gks vkSj u gh fdlh :i esa fLFkj gks]
nks izdkj dh xfr dj ldrk gS & ;k rks 'kq¼ LFkkukarj.k
;k LFkkukarj.k ,oa ?kw.kZu xfr dk la;kstuA ,d ,sls n`<+
fi.M dh xfr tks ;k rks pwy ij fVdk gks ;k fdlh u fdlh
:i esa fLFkj gks] ?kw.khZ xfr gksrh gSA ?kw.kZu fdlh ,slh v{k osQ
ifjr% gks ldrk gS tks fLFkj gks (tSls Nr osQ ia[ks esa) ;k fiQj
,d ,slh v{k osQ ifjr% tks Lo;a ?kwerh gks (tSls b/j ls mèkj
?kwers est osQ ia[ks esa)A bl vè;k; esa ge ,d fLFkj v{k osQ
ifjr% gksus okyh ?kw.khZ xfr dk gh vè;;u djsaxsA

7.2 nzO;eku osQUnz

igys ge ;g ns[ksaxs fd nzO;eku osQUnz D;k gS vkSj fiQj blosQ
egRo ij izdk'k MkysaxsA ljyrk dh n`f"V ls ge nks d.kksa osQ
fudk; ls 'kq#vkr djsaxsA nksuksa d.kksa dh fLFkfr;ksa dks feykus
okyh js[kk dks ge  x- v{k ekusaxsA (fp=k 7-7)

fp=k 7.7  nks d.kksa vkSj muosQ nzO;eku osQUnz dh fLFkfr

fp=k 7.6(a) ,d n`<+ fi.M dh xfr tks 'kq¼ LFkkukarjh; gS

fp=k 7.6(b) n`<+ fi.M dh ,slh xfr tks LFkkukarjh; vkSj ?kw.khZ
xfr;ksa dk la;kstu gS

fp=k 7.6 (a) ,oa 7.6 (b) ,d gh fi.M dh fofHkUu xfr;k¡ n'kkZrs
gSaA è;ku nsa] fd  P  fi.M dk dksbZ LosPN fcUnq gS_  O  fi.M dk
nzO;eku osQUnz gS] ftlosQ fo"k; esa vxys [k.M esa crk;k x;k gSA
;gk¡ ;g dguk i;kZIr gksxk fd fcUnq  O  osQ xeu iFk gh fi.M
osQ LFkkukarjh; xeu iFk  Tr

1
  ,oa  Tr

2 
 gSaA rhu vyx&vyx {k.kksa

ij] fcUnqvksa  O  ,oa  P dh fLFkfr;k¡ fp=k  7.6(a) ,oa  7.6 (b) nksuksa
gh Øe'k% O

1
, O

2
, O

3
, ,oa  P

1
, P

2
 , P

3
 }kjk izn£'kr dh xbZ gSaA

fp=k  7.6(a) ls ;g Li"V gS fd 'kq¼ LFkkukarj.k dh fLFkfr esa]
fi.M osQ fdUgha Hkh nks fcUnqvksa  O  ,oa P  osQ osx] cjkcj gksrs gSaA
;g Hkh KkrO; gS] fd bl fLFkfr esa  OP, dk fnfXoU;kl] ;kfu fd
og dks.k tks  OP ,d fu;r fn'kk (ekuk fd {kSfrt) ls cukrk
gS] leku jgrk gS vFkkZr~  α

1
=α

2
= α

3 
A fp=k  7.6 (b) LFkkukarj.k

,oa ?kw.kZu osQ la;kstu ls fu£er xfr n'kkZrk gSA bl xfr esa fcUnqvksa
O  ,oa  P osQ {kf.kd osxksa osQ eku vyx&vyx gks ldrs gSa vkSj
dks.kksa  α

1
, α

2
, α

3
 osQ eku Hkh fHkUu gks ldrs gSaA
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148 HkkSfrdh

ekuk fd nks d.kksa dh] fdlh ewy fcUnq O  ls nwfj;k¡
Øe'k% x

1
 ,oa  x

2
  gSaA bu d.kksa osQ nzO;eku Øe'k%  m

1
 ,oa

m
2
 gSaA bu nks d.kksa osQ fudk; dk nzO;eku osQUnz  C ,d ,slk

fcUnq gksxk ftldh  O  ls nwjh]  X  dk eku gks

1 1 2 2

1 2

m x m x
X

m m

+
=

+ (7.1)

lehdj.k  (7.1) esa  X  dks ge  x
1 
 ,oa  x

2 
 dk nzO;eku

Hkkfjr ekè; eku ldrs gSaA ;fn nksuksa d.kksa dk nzO;eku cjkcj
gks rks m

1
 = m

2
 = m,

 
 rc

1 2 1 2

2 2

mx mx x x
X

m

+ +
= =

bl izdkj leku nzO;eku osQ nks d.kksa dk nzO;eku osQUnz
Bhd muosQ chpksachp gSA

vxj gekjs ikl  n d.k gksa] ftuosQ nzO;eku Øe'k%  m
1
,

m
2
, ...m

n
  gksa vkSj lcdks x- v{k osQ vuqfn'k j[kk x;k gks]

rks ifjHkk"kk osQ vuqlkj bu lc d.kksa dk nzO;eku osQUnz gksxk

1 1 2 2

1 2

....

....

i in n

n i

m xm x m x m x
X

m m m m

+ + +
= =

+ + +
∑
∑

    (7.2)

tgk¡  x
1
, x

2
,...x

n
 d.kksa dh Øe'k% ewyfcUnq ls nwfj;k¡ gSa_  X

Hkh mlh ewyfcUnq ls ekik x;k gSA laosQr ∑ (;wukuh Hkk"kk

dk v{kj flXek) ladyu dks O;Dr djrk gS tks bl ekeys
esa n d.kksa osQ fy, fd;k x;k gSA ladyu iQy

im M=∑
fudk; dk oqQy nzO;eku gSA

ekuk gekjs ikl rhu d.k gSa tks ,d ljy js[kk esa rks ugha]
ij ,d lery esa j[ks x, gSaA rc ge ml ry esa ftlesa ;s
rhu d.k j[ks x, gSa x  ,oa  y-v{k fu/kZfjr dj ldrs gSa] vkSj
bu rhu d.kksa dh fLFkfr;ksa dks Øe'k% funsZ'kkadksa (x

1
,y

1
),

(x
2
,y

2
) ,oa (x

3
,y

3
) }kjk O;Dr dj ldrs gSaA eku yhft, fd

bu rhu d.kksa osQ nzO;eku Øe'k% m
1
, m

2
 ,oa m

3 
gSaA bu rhu

d.kksa osQ fudk; dk nzO;eku osQUnz  C funsZ'kkadksa  (X, Y)  }kjk
O;Dr fd;k tk;sxk ftuosQ eku gSa

1 1 2 2 3 3

1 2 3

m x m x m x
X

m m m

+ +
=

+ + (7.3a)

1 1 2 2 3 3

1 2 3

m y m y m y
Y

m m m

+ +
=

+ + (7.3b)

leku nzO;eku okys d.kksa osQ fy, m = m
1
 = m

2
 = m

3
,

1 2 3 1 2 3( )

3 3

m x x x x x x
X

m

+ + + +
= =

1 2 3 1 2 3( )

3 3

m y y y y y y
Y

m

+ + + +
= =

vFkkZr~ leku nzO;eku okys d.kksa osQ fy, rhu d.kksa dk
nzO;eku osQUnz mudh fLFkfr fcUnqvksa dks feykus ls cus f=kHkqt
osQ osQUnzd ij gksxkA

lehdj.k (7.3a,b) osQ ifj.kkeksa dks] ljyrkiwoZd] ,sls
n  d.kksa osQ ,d fudk; osQ fy, lk£od fd;k tk ldrk gS
tks ,d lery esa u gksdj] varfj{k esa iSQys gksaA bl rjg osQ
fudk; dk nzO;eku osQUnz  (X, Y, Z) gS] tgk¡

i i
m x

X
M

= ∑
(7.4a)

i i
m y

Y
M

= ∑
(7.4b)

vkSj  i i
m z

Z
M

= ∑
(7.4c)

;gk¡ M = 
i

m∑ fudk; dk oqQy nzO;eku gSA lwpd i

dk eku 1 ls  n  rd cnyrk gS]  m
i
  i osa d.k dk nzO;eku

gS] vkSj i osa d.k dh fLFkfr  (x
i
, y

i
, z

i
) ls O;Dr dh xbZ gSA

;fn ge fLFkfr&lfn'k dh vo/kj.kk dk mi;ksx djsa rks
lehdj.k (7.4a, b, c) dks la;ksftr djosQ ,dy lehdj.k
osQ :i esa fy[kk tk ldrk gSA ;fn 

i
r , i osa d.k dk

fLFkfr&osDVj gS vkSj R nzO;eku osQUnz dk fLFkfr&lfn'k gS%

 �
i i i i

x y z= + +r i j kɵ ɵ

,oa   �X Y Z= + +R i j kɵ ɵ

rc   
i i

m

M
= ∑ r

R (7.4d)

lehdj.k osQ nkfguh vksj fy[kk x;k ;ksx lfn'k&;ksx gSA

lfn'kksa osQ bLrseky ls lehdj.kksa dh laf{kIrrk ij è;ku
nhft,A ;fn lanHkZ&izsQe (funsZ'kkad fudk;) osQ ewy fcUnq
dks] fn, x, d.k&fudk; osQ nzO;eku osQUnz esa fy;k tk, rks

0
i i

m =∑ r A

,d n`<+ fi.M] tSls fd ehVj&NM+ ;k Ýykb Oghy] cgqr
ikl&ikl j[ks x, d.kksa dk fudk; gS_ vr% lehdj.k
(7.4a, b, c, d) ǹ<+ fi.M osQ fy, Hkh ykxw gksrs gSaA bl izdkj
osQ fi.Mksa esa d.kksa (ijek.kqvksa ;k v.kqvksaa) dh la[;k bruh
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u

vf/d gksrh gS] fd bu lehdj.kksa esa] lHkh i`Fkd&i`Fkd
d.kksa dks ysdj la;qDr izHkko Kkr djuk vlaHko dk;Z gSA ij]
D;ksafd d.kksa osQ chp dh nwjh cgqr de gS] ge fi.M esa
nzO;eku dk lrr forj.k eku ldrs gSaA ;fn fi.M dks n  NksVs
nzO;eku [k.Mksa esa foHkkftr djsa ftuosQ nzO;eku ∆m

1
,  ∆m

2
...

∆m
n  
gSa rFkk   i-ok¡  [k.M ∆m

i 
 fcUnq  (x

i
, y

i
, z

i
) ij vofLFkr gS

,slk lkspsa rks nzO;eku osQUnz osQ funsZ'kkadksa osQ yxHkx eku bl
izdkj O;Dr djsaxs &

( ) ( ) ( )
, ,

i i i i i i

i i i

m x m y m z
X Y Z

m m m

∆ ∆ ∆
= = =

∆ ∆ ∆
∑ ∑ ∑
∑ ∑ ∑

;fn ge n dks o`gÙkj djsa vFkkZr~  ∆m
i
 dks vkSj NksVk djsa

rks ;s lehdj.k dkiQh ;FkkFkZ eku crkus yxsaxsA ml fLFkfr esa
i-d.kksa osQ ;ksx dks ge lekdy ls O;Dr djsaxsA

d ,im m M∆ → =∑ ∫
( ) d ,

i i
m x x m∆ →∑ ∫

( ) d ,
i i

m y y m∆ →∑ ∫

 vkSj i(∆ →∑ ∫) dim z z m

;gk¡ M  fi.M dk oqQy nzO;eku gSA nzO;eku osQUnz osQ
funsZ'kkadksa dks vc ge bl izdkj fy[k ldrs gSa

      
1 1 1

d , dX x m Y y m Z z dm
M M M

= = =∫ ∫ ∫vkSj

(7.5a)

bu rhu vfn'k O;atdksa osQ rqY; lfn'k O;atd bl izdkj
fy[k ldrs gSa&

1
dm

M
= ∫R r (7.5b)

;fn ge nzO;eku osQUnz dks vius funsZ'kkad fudk; dk
ewy&fcUnq pqusa rks

( , , ) 0x y z =R

vFkkZr~, d 0m =∫ r

;k d d d 0x m y m z m= = =∫ ∫ ∫ (7.6)

izk;% gesa fu;fer vkdkj osQ lekax fi.Mksa_ tSls µ oy;ksa]
xksy&pdfr;ksa] xksyksa] NM+ksa bR;kfn osQ nzO;eku osQUnzksa dh
x.kuk djuh iM+rh gSA (lekax fi.M ls gekjk rkRi;Z ,d ,slh
oLrq ls gS ftlesa nzO;eku dk leku :i ls forj.k gks)A
lefefr dk fopkj djosQ ge ljyrk ls ;g n'kkZ ldrs gSa
fd bu fi.Mksa osQ nzO;eku osQUnz muosQ T;kferh; osQUnz gh
gksrs gSaA

vkb;s] ,d iryh NM+ ij fopkj djsa] ftldh pkSM+kbZ
vkSj eksVkbZ (;fn bldh vuqizLFk dkV vk;rkdkj gS) vFkok
f=kT;k (;fn NM+ csyukdkj gS)] bldh yEckbZ dh rqyuk esa
cgqr NksVh gSA NM+ dh yEckbZ x-v{k osQ vuqfn'k j[ksa vkSj
ewy fcUnq blosQ T;kferh; osQUnz ij ys ysa rks ijkorZu lefefr
dh ǹf"V ls ge dg ldrs gSa fd izR;sd x  ij fLFkr izR;sd dm

?kVd osQ leku dm dk ?kVd  –x ij Hkh fLFkr gksxk (fp=k 7.8)A

fp=k 7.8  ,d iryh NM+ dk nzO;eku osQUnz Kkr djuk

lekdy esa gj tksM+s dk ;ksxnku 'kwU; gS vkSj bl dkj.k Lo;a

dx m∫ dk eku 'kwU; gks tkrk gSA lehdj.k (7.6) crkrh gS fd

ftl fcUnq osQ fy, lekdy 'kwU; gks og fi.M dk nzO;eku
osQUnz gSA vr% lekax NM+ dk T;kferh; osQUnz bldk nzO;eku
osQUnz gSA bls ijkorZu lefefr osQ iz;ksx ls le> ldrs gSaA

lefefr dk ;gh roZQ] lekax oy;ksa] pdfr;ksa] xksyksa
vkSj ;gk¡ rd fd o`Ùkkdkj ;k vk;rkdkj vuqizLFk dkV okyh
eksVh NM+ksa osQ fy, Hkh ykxw gksxkA ,sls lHkh fi.Mksa osQ fy,
vki ik;saxs fd fcUnq (x,y,z ) ij fLFkr gj nzO;eku ?kVd osQ
fy, fcUnq  (-x,-y,-z) ij Hkh mlh nzO;eku dk ?kVd fy;k tk
ldrk gSA (nwljs 'kCnksa esa dgsa rks bu lHkh fi.Mksa osQ fy, ewy
fcUnq ijkorZu&lefefr dk fcUnq gS)A ifj.kker%] lehdj.k
(7.5 a) esa fn, x, lHkh lekdy 'kwU; gks tkrs gSaA bldk vFkZ
;g gqvk fd mijksDr lHkh fi.Mksa dk nzO;eku osQUnz muosQ
T;kferh; osQUnz ij gh iM+rk gSA

mnkgj.k  7.1 ,d leckgq f=kHkqt osQ 'kh"kks± ij j[ks x,
rhu d.kksa dk nzO;eku osQUnz Kkr dhft,A d.kksa osQ
nzO;eku Øe'k% 100g, 150g, ,oa 200g gSaA f=kHkqt
dh izR;sd Hkqtk dh yEckbZ  0.5 m gSA

gy

fp=k  7.9
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u

u

x  ,oa y- v{k fp=k  7.9 esa n'kkZ;s vuqlkj pqusa rks leckgq
f=kHkqt osQ 'kh"kZ fcUnqvksa O, A ,oa B osQ funsZ'kkad Øe'k%
(0,0), (0.5,0) ,oa (0.25,0.25 3 ) gksaxsA ekuk fd 100g,

150g ,oa 200g osQ nzO;eku Øe'k% O, A ,oa  B ij vofLFkr
gSaA rc

+ +
=

+ +

m x m x m x
X

m m m
1 1 2 2 3 3

1 2 3

( )100 0 150(0.5) 200(0.25) g m

(100 150 200) g

+ +  =
+ +

75 50 125 5
m m m

450 450 18

+
= = =

 + + =Y
100(0) 150(0) 200(0.25 3 ) g    m

450 g

50 3 3 1
m m m

450 9 3 3
= = =

nzO;eku osQUnz  C  fp=k esa n'kkZ;k x;k gSA è;ku nsa fd ;g
f=kHkqt  OAB dk T;kferh; osQUnz ugha gSA D;k vki crk
ldrs gSa fd ,slk D;ksa ugh gS\ ⊳

mnkgj.k 7.2:  ,d f=kHkqtkdkj iQyd dk nzO;eku
osQUnz Kkr dhft,A

gy  iQyd (∆LMN) dks vk/kj  (MN) osQ lekUrj iryh
if^;ksa esa ckaVk tk ldrk gS tSlk fp=k 7.10 esa n'kkZ;k
x;k gSA

fp=k  7.10

lefefr osQ vk/kj ij ge dg ldrs gSa fd gj i^h dk
nzO;eku osQUnz mldk eè; fcUnq gSA vxj ge lHkh if^;ksa osQ
eè; fcUnqvksa dks feykrs gSa rks gesa ekfè;dk  LP izkIr gksrh gSA
blfy,] iwjs f=kHkqt dk nzO;eku osQUnz bl ekfè;dk LP ij
dgha vofLFkr gksxkA blh izdkj ge roZQ dj ldrs gSa fd ;g

ekfè;dk  MQ vkSj NR ij Hkh vofLFkr gksxkA vr% ;g
nzO;eku osQUnz rhuksa ekfè;dkvksa dk laxkeh fcUnq xfr f=kHkqt
dk osQUnzd G gSA   ⊳

mnkgj.k 7.3: ,d fn, x, L-vko`Qfr osQ iQyd
(,d iryh piVh IysV) dk nzO;eku osQUnz Kkr
dhft,] ftldk fofHkUu Hkqtkvksa dks fp=k 7-11 esa
n'kkZ;k gSA iQyd dk nzO;eku 3 kg gSA

gy   fp=k 7.11 osQ vuqlkj X  ,oa Y v{kkas dks pqusa rks  L-

vko`Qfr iQyd osQ fofHkUu 'kh"kks± osQ funsZ'kkad ogh izkIr gksrs
gSa tks fp=k esa vafdr fd, x, gSaA ge  L-vkòQfr dks rhu oxks±
ls feydj cuk gqvk eku ldrs gSa ftuesa ls izR;sd oxZ dh
Hkqtk 1m gSA izR;sd oxZ dk nzO;eku 1kg gS] D;ksafd iQyd
lekax gSaA bu rhu oxks± osQ nzO;eku osQUnz C

1
, C

2
 vkSj C

3
 gSa]

tks lefefr osQ fopkj ls muosQ T;kferh; osQUnz gSa vkSj buosQ
funsZ'kkad Øe'k% (1/2,1/2), (3/2,1/2), (1/2,3/2) gSaA
ge dg ldrs gSa fd L-vko`Qfr dk nzO;eku osQUnz (X, Y) bu
nzO;eku fcUnqvksa dk nzO;eku osQUnz gSaA

fp=k 7.11

vr%

[ ]
( )

1(1/2) 1(3/2) 1(1/2) kg m

1 1 1 kg
X

+ +
=

+ +  
5

m
6

=

[ ]
( )

1(1/ 2) 1(1/2) 1(3/ 2) kg m 5
m

1 1 1 kg 6
Y

 + + = =
+ +

L-vko`Qfr dk nzO;eku osQUnz js[kk OD ij iM+rk gSA bl
ckr dk vanktk ge fcuk fdlh x.kuk osQ yxk ldrs FksA D;k
vki crk ldrs gSa] oSQls\ ;fn ;g ekusa fd fp=k 7-11 esa
n'kkZ;s x, L vko`Qfr iQyd osQ rhu oxks± osQ nzO;eku
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vyx&vyx gksrs rc vki bl iQyd dk nzO;eku osQUnz oSQls
Kkr djsaxs\   ⊳

7.3 nzO;eku osQUnz dh xfr

nzO;eku osQUnz dh ifjHkk"kk tkuus osQ ckn] vc ge bl fLFkfr
esa gSa fd d.kksa osQ ,d fudk; osQ fy, blosQ HkkSfrd egRo
dh foospuk dj losaQA lehdj.k (7.4d) dks ge fiQj ls bl
izdkj fy[k ldrs gSa&

1 1 2 2 ...i i n nM m m m m= = + + +∑R r r r r (7.7)

lehdj.k osQ nksuksa i{kksa dks le; osQ lkis{k vodfyr
djus ij&

1 2
1 2

dd d d
...

d d d d
n

n
M m m m

t t t t
= + + +

rR r r

;k

1 1 2 2
...

n n
M m m m= + + +V v v v (7.8)

tgk¡] ( )1 1d /dt=v r  izFke d.k dk osx gS] ( )2 2d dt=v r

nwljs d.k dk osx gS] bR;kfn vkSj d /dt=V R  d.kksa osQ
fudk; osQ nzO;eku osQUnz dk osx gSA è;ku nsa] fd geus ;g
eku fy;k gS fd m

1
, m

2
, ... vkfn osQ eku le; osQ lkFk

cnyrs ugha gSaA blfy,] le; osQ lkis{k lehdj.kksa dks
vodfyr djrs le; geus muosQ lkFk vpjkadksa tSlk O;ogkj
fd;k gSA

lehdj.k (7.8) dks le; osQ lkis{k vodfyr djus
ij&

1 2
1 2

dd dd
...

d d d d
n

n
M m m m

t t t t
= + + +

vv vV

;k

1 1 2 2
...

n n
M m m m= + + +A a a a (7.9)

tgk¡ ( )1 1d /dt=a v  izFke d.k dk Roj.k gS] ( )2 2d /dt=a v

nwljs d.k dk Roj.k gS] bR;kfn vkSj  ( )d /dt=A V  d.kksa osQ
fudk; osQ nzO;eku osQUnz dk Roj.k gSA

vc] U;wVu osQ f}rh; fu;ekuqlkj] igys d.k ij yxus
okyk cy gS 1 1 1m=F a , nwljs d.k ij yxus okyk cy gS

2 2 2m=F a ] vkfnA rc lehdj.k (7.9) dks ge bl izdkj
Hkh fy[k ldrs gSa&

1 2 ...
n

M = + + +A F F F (7.10)

vr% d.kksa osQ fudk; osQ oqQy nzO;eku dks nzO;eku osQUnz
osQ Roj.k ls xq.kk djus ij gesa ml d.k&fudk; ij yxus okys
lHkh cyksa dk lfn'k ;ksx izkIr gksrk gSA

è;ku nsa fd tc ge igys d.k ij yxus okys cy

1F dh ckr djrs gSa] rks ;g dksbZ ,dy cy ugha gS] cfYd]
bl d.k ij yxus okys lHkh cyksa dk lfn'k ;ksx gSA ;gh ckr
ge vU; d.kksa osQ fo"k; eas Hkh dg ldrs gSaA izR;sd d.k ij
yxus okys mu cyksa esa oqQN ckg~; cy gksaxs tks fudk; ls
ckgj osQ fi.Mksa }kjk vkjksfir gksaxs vkSj oqQN vkarfjd cy gksaxs
tks fudk; osQ vanj osQ d.k ,d nwljs ij vkjksfir djrs gSaA
U;wVu osQ r`rh; fu;e ls ge tkurs gSa fd ;s vkarfjd cy
lnSo cjkcj ifjek.k osQ vkSj foijhr fn'kk esa dke djus okys
tksM+ksa osQ :i esa ik, tkrs gSa vkSj blfy, lehdj.k (7.10)

esa cyksa dks tksM+us esa budk ;ksx 'kwU; gks tkrk gSA lehdj.k
esa osQoy ckg~; cyksa dk ;ksxnku jg tkrk gSA lehdj.k
(7.10) dks fiQj bl izdkj fy[k ldrs gSa

ext
M =A F (7.11)

tgk¡ 
ext

F  fudk; osQ d.kksa ij izHkkoh lHkh ckg~; cyksa dk
lfn'k ;ksx gSA

lehdj.k (7.11) crkrh gS fd d.kksa osQ fdlh fudk;
dk nzO;eku osQUnz bl izdkj xfr djrk gS ekuks fudk; dk
laiw.kZ nzO;eku mlesa laosQfUnzr gks vkSj lHkh ckg~; cy mlh
ij vkjksfir gksaA

è;ku nsa fd nzO;eku osQUnz dh xfr osQ fo"k; esa tkuus
osQ fy,] d.kksa osQ fudk; osQ vkarfjd cyksa osQ fo"k; esa dksbZ
tkudkjh ugha pkfg,] bl mís'; osQ fy, gesa osQoy ckg~;
cyksa dks gh tkuus dh vko';drk gSA

lehdj.k (7.11) O;qRiUu djus osQ fy, gesa d.kksa osQ
fudk; dh izo`Qfr lqfuf'pr ugha djuh iM+hA fudk; d.kksa
dk ,slk laxzg Hkh gks ldrk gS ftlesa rjg&rjg dh vkarfjd
xfr;k¡ gksa] vkSj 'kq¼ LFkkukarj.k xfr djrk gqvk] vFkok]
LFkkukarj.k ,oa ?kw.khZ xfr osQ la;kstu ;qDr ,d n`<+ fi.M Hkh
gks ldrk gSA fudk; oSQlk Hkh gks vkSj blosQ vo;oh d.kksa
esa fdlh Hkh izdkj dh xfr;k¡ gksa] bldk nzO;eku osQUnz
lehdj.k (7.11) osQ vuqlkj gh xfr djsxkA

ifjfer vkdkj osQ fi.Mksa dks ,dy d.kksa dh rjg
O;ogkj esa ykus osQ ctk; vc ge mudks d.kksa osQ fudk; dh
rjg O;ogkj esa yk ldrs gSaA ge mudh xfr dk 'kq¼
LFkkukarjh; vo;o ;kfu fudk; osQ nzO;eku osQUnz dh xfr
Kkr dj ldrs gSaA blosQ fy,] cl] iwjs fudk; dk oqQy
nzO;eku vkSj fudk; ij yxs lHkh ckg~; cyksa dks fudk; osQ
nzO;eku osQUnz ij izHkkoh ekuuk gksxkA

;gh dk;Zfof/ geus fi.Mksa ij yxs cyksa osQ fo'ys"k.k
vkSj muls tqM+h leL;k osQ gy osQ fy, viukbZ FkhA gkykafd]
blosQ fy, dksbZ Li"V dkj.k ugha crk;k x;k FkkA vc ge ;g
le> ldrs gSa] fd iwoZ osQ vè;;uksa esa] geus fcu dgs gh
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;g eku fy;k Fkk fd fudk; esa ?kw.khZ xfr] ,oa d.kksa esa
vkarfjd xfr ;k rks Fkh gh ugha vkSj ;fn Fkh rks ux.; FkhA
vkxs ls gesa ;g ekuus dh vko';drk ugha jgsxhA u osQoy
gesa viuh igys viukbZ xbZ i¼fr dk vkSfpR; le> esa vk
x;k gS] oju~] geus og fof/ Hkh Kkr dj yh gS ftlosQ }kjk
(i) ,sls n`<+ fi.M dh ftlesa ?kw.khZ xfr Hkh gks] (ii) ,d ,sls
fudk; dh ftlosQ d.kksa esa rjg&rjg dh vkarfjd xfr;k¡ gksa]
LFkkukarj.k xfr dks vyx djosQ le>k le>k;k tk ldrk gSA

fp=k 7.12 fdlh iz{ksI; osQ [k.Mksa dk nzO;eku osQUnz foLiQksV
osQ ckn Hkh mlh ijoy;kdkj iFk ij pyrk gqvk
ik;k tk;sxk ftl ij ;g foLiQksV u gksus ij
pyrkA

fp=k  7.12 lehdj.k (7.11) dks Li"V djus okyk ,d
vPNk mnkgj.k gSA vius fu/kZfjr ijoy;kdkj iFk ij pyrk
gqvk ,d iz{ksI; gok esa iQV dj VqdM+ksa esa fc[kj tkrk gSA
foLiQksV dkjd cy vkarfjd cy gS blfy, mudk nzO;eku
osQUnz dh xfr ij dksbZ izHkko ugha gksrkA iz{ksI; vkSj mlosQ
[k.Mksa ij yxus okyk oqQy ckg~; cy foLiQksV osQ ckn Hkh
ogh gS tks foLiQksV ls igys Fkk] ;kfu i`Foh dk xq#Rokd"kZ.k
cyA vr%] ckg~; cy osQ varxZr iz{ksI; osQ nzO;eku osQUnz dk
ijoy;kdkj iFk foLiQksV osQ ckn Hkh ogh cuk jgrk tks
foLiQksV u gksus dh fLFkfr esa gksrkA

7.4 d.kksa osQ fudk; dk js[kh; laosx

vkidks ;kn gksxk fd js[kh; laosx dh ifjHkk"kk djus okyk
O;atd gS

m=p v (7.12)

vkSj] ,dy d.k osQ fy, U;wVu osQ f}rh; fu;e dks ge
lkaosQfrd Hkk"kk esa fy[k ldrs gSa

d

dt
=

p
F (7.13)

tgk¡  F d.k ij vkjksfir cy gSA vkb;s] vc ge n  d.kksa osQ

,d fudk; ij fopkj djsa ftuosQ nzO;eku Øe'k% m
1
,

m
2
,...m

n 
gS vkSj osx Øe'k% 1 2, ,.......

n
v v v  gSaA d.k] ijLij

vU;ksU; fØ;kjr gks ldrs gSa vkSj mu ij ckg~; cy Hkh yxs
gks ldrs gSaA igys d.k dk js[kh; laosx  1 1m v , nwljs d.k

dk js[kh; laosx 2 2m v  vkSj blh izdkj vU; d.kksa osQ js[kh;
laosx Hkh gSaA

n d.kksa osQ bl fudk; dk oqQy js[kh; laosx] ,dy d.kksa
osQ js[kh; laosxksa osQ lfn'k ;ksx osQ cjkcj gSA

1 2
...

n
= + + +P P P P

1 1 2 2
...

n n
m m m= + + +v v v (7.14)

bl lehdj.k dh lehdj.k  (7.8) ls rqyuk djus ij]
M=P V (7.15)

vr% d.kksa osQ ,d fudk; dk oqQy js[kh; laosx] fudk;
osQ oqQy nzO;eku rFkk blosQ nzO;eku osQUnz osQ osx osQ
xq.kuiQy osQ cjkcj gksrk gSA lehdj.k (7.15) dk le; osQ
lkis{k vodyu djus ij]

d d

d d
M M

t t
= =

P V
A (7.16)

lehdj.k (7.16) ,oa lehdj.k  (7.11) dh rqyuk djus
ij

d

d
ext

t
=

P
F (7.17)

;g U;wVu osQ f}rh; fu;e dk dFku gS tks d.kksa osQ
fudk; osQ fy, ykxw fd;k x;k gSA

;fn d.kksa osQ fdlh fudk; ij yxs ckg~; cyksa dk ;ksx
'kwU; gks] rks lehdj.k (7.17) osQ vk/kj ij]

d
0

dt
=

P
P;k  = vpjkad (7.18a)

vr% tc d.kksa osQ fdlh fudk; ij yxs ckg~; cyksa dk
;ksx 'kwU; gksrk gS rks ml fudk; dk oqQy js[kh; laosx vpj
jgrk gSA ;g d.kksa osQ ,d fudk; osQ fy, ykxw gksus okyk
js[kh; laosx osQ laj{k.k dk fu;e gSA lehdj.k  (7.15) osQ
dkj.k] bldk vFkZ ;g Hkh gksrk gS fd tc fudk; ij yxus
okyk oqQy ckg~; cy 'kwU; gksrk gS rks blosQ nzO;eku osQUnz dk
osx ifjo£rr ugha gksrkA (bl vè;k; esa d.kksa osQ fudk; dk
vè;;u djrs le; ge ges'kk ;g eku dj pysaxs fd fudk;
dk oqQy nzO;eku vpj jgrk gSA)

è;ku nsa] fd vkarfjd cyksa osQ dkj.k] ;kfu mu cyksa osQ
dkj.k tks d.k ,d nwljs ij vkjksfir djrs gSa] fdlh fof'k"V

2015-16(20/01/2015)



d.kksa osQ fudk; rFkk ?kw.khZ xfr 153

d.k dk xeu&iFk dkiQh tfVy gks ldrk gSA fiQj Hkh] ;fn
fudk; ij yxus okyk oqQy ckg~; cy 'kwU; gks rks nzO;eku
osQUnz vpj&osx ls gh pyrk gS] vFkkZr~] eqDr d.k dh rjg
lexfr ls ljy js[kh; iFk ij pyrk gSA

lfn'k lehdj.k (7.18a) ftu vfn'k lehdj.kksa osQ
rqY; gS] os gSa&

P
x
 = C

1
, P

y
 = C

2
 rFkk  P

z
 = C

3
         (7.18 b)

;gk¡ P
x
, P

y
,  P

z
 oqQy js[kh; laosx lfn'k  P  osQ] Øe'k%

x, y  ,oa  z  fn'kk esa vo;o gSa vkSj C
1
, C

2
,  C

3
 vpjkad gSaA

(a) (b)

fp=k 7.13 (a) ,d Hkkjh ukfHkd (Ra) ,d vis{kkòQr gyosQ ukfHkd
(Rn) ,oa ,d vYiQk&d.k  (He) esa fo[kafMr gksrk
gSA fudk; dk nzO;eku osQUnz lexfr esa gSA

  (b) nzO;eku osQUnz dh fLFkj voLFkk esa mlh Hkkjh d.k
(Ra) dk fo[kaMuA nksuksa mRiUu gq, d.k ,d nwljs
dh foijhr fn'kk esa xfreku gksrs gSaA

,d mnkgj.k osQ :i esa] vkb;s] jsfM;e osQ ukfHkd tSls
fdlh xfreku vLFkk;h ukfHkd osQ jsfM;ks,fDVo {k; ij
fopkj djsaA jsfM;e dk ukfHkd ,d jsMu osQ ukfHkd vkSj ,d
vYiQk d.k esa fo[kafMr gksrk gSA {k;&dkjd cy fudk; osQ
vkarfjd cy gSa vkSj ml ij izHkkoh ckg~; cy ux.; gSaA vr%
fudk; dk oqQy js[kh; laosx] {k; ls igys vkSj {k; osQ ckn
leku jgrk gSA fo[kaMu esa mRiUu gq, nksuksa d.k] jsMu dk
ukfHkd ,oa vYiQk&d.k] fofHkUu fn'kkvksa esa bl izdkj pyrs
gSa fd muosQ nzO;eku osQUnz dk xeu&iFk ogh cuk jgrk gS
ftl ij {kf;r gksus ls igys ewy jsfM;e ukfHkd xfreku Fkk
(fp=k 7.13(a))A

;fn ge ,d ,sls lanHkZ izsQe ls bl {k; izfØ;k dks ns[ksa
ftlesa nzO;eku osQUnz fLFkj gks] rks blesa 'kkfey d.kksa dh xfr
fo'ks"kdj ljy fn[kkbZ iM+rh gS_ mRiUu gq, nksuksa d.k ,d nwljs
dh foijhr fn'kk esa bl izdkj xfreku gksrs gSa fd mudk nzO;eku
osQUnz fLFkj jgs] tSlk fp=k 7.13 (b) esa n'kkZ;k x;k gSA

(a)         (b)

fp=k 7.14 (a) ck;ujh fudk; cukrs nks u{k=kksa S
1
 ,oa S

2
 osQ xeu

iFk] tks Øe'k% fcUnq js[kk ,oa lrr js[kk }kjk
n'kkZ;s x, gSaA budk nzO;eku osQUnz C lexfr
esa gSA

(b) mlh ck;ujh fudk; dh xfr tc nzO;eku osQUnz C
fLFkj gSA

d.kksa oQh fudk; laca/h cgqr lh leL;kvksa esa tSlk Åij
crkbZ xbZ jsfM;ks,fDVo {k; laca/h leL;k esa n'kkZ;k gS]
iz;ksx'kkyk osQ lanHkZ&izsQe dh vis{kk] nzO;eku&osQUnz osQ izsQe
esa dk;Z djuk vklku gksrk gSA

[kxksfydh esa ;qfXer (ck;ujh) u{k=kksa dk ik;k tkuk ,d
vke ckr gSA ;fn dksbZ ckg~; cy u yxk gks rks fdlh ;qfXer
u{k=k dk nzO;eku osQUnz ,d eqDr&d.k dh rjg pyrk gS
tSlk fp=k 7.14 (a) esa n'kkZ;k x;k gSA fp=k esa  leku nzO;eku
okys nksuksa u{k=kksa osQ xeu iFk Hkh n'kkZ;s x, gSa_ os dkiQh
tfVy fn[kkbZ iM+rs gSaA ;fn ge nzO;eku osQUnz osQ izsQe ls ns[ksa
rks ge ikrs gSa fd ;s nksuksa u{k=k nzO;eku osQUnz osQ ifjr% ,d
o`Ùkkdkj iFk ij xfreku gSa tcfd nzO;eku osQUnz fLFkj gSA
è;ku nsa] fd nksuksa u{k=kksa dks o`Ùkkdkj iFk osQ O;kl osQ foijhr
fljksa ij cus jguk gS (fp=k  7.14(b))A  bl izdkj bu u{k=kksa dk
xeu iFk nks xfr;ksa osQ la;kstu ls fu£er gksrk gS (i) nzO;eku
osQUnz dh ljy js[kk esa lekax xfr  (ii) nzO;eku osQUnz osQ
ifjr% u{k=kksa dh o`Ùkkdkj d{kk,¡A

mijksDr nks mnkgj.kksa ls n`"VO; gS] fd fudk; osQ ,dy
d.kksa dh xfr dks nzO;eku osQUnz dh xfr vkSj nzO;eku osQUnz
osQ ifjr% xfr esa vyx djosQ ns[kuk ,d vR;ar mi;ksxh
rduhd gS ftlls fudk; dh xfr dks le>us esa lgk;rk
feyrh gSA

7.5  nks lfn'kksa dk lfn'k xq.ku
ge lfn'kksa ,oa HkkSfrdh esa muosQ mi;ksx osQ fo"k; esa igys
ls gh tkurs gSaA vè;k; 6 (dk;Z] ÅtkZ] 'kfDr) esa geus nks
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lfn'kksa osQ vfn'k xq.ku dh ifjHkk"kk dh FkhA ,d egRoiw.kZ
HkkSfrd jkf'k] dk;Z] nks lfn'k jkf'k;ksa] cy ,oa foLFkkiu osQ
vfn'k xq.kuiQy }kjk ifjHkkf"kr dh tkrh gSA

vc ge nks lfn'kksa dk ,d vU; izdkj dk xq.ku
ifjHkkf"kr djsaxsA ;g lfn'k xq.ku gSA ?kw.khZ xfr ls lacaf/r nks
egRoiw.kZ jkf'k;k¡] cy vk?kw.kZ ,oa dks.kh; laosx] lfn'k xq.ku
osQ :i esa ifjHkkf"kr dh tkrh gSaA

lfn'k xq.ku dh ifjHkk"kk

nks lfn'kksa a ,oa  b dk lfn'k xq.kuiQy ,d ,slk lfn'k  c gS
i) ftldk ifjek.k  c sinab θ=  gS] tgk¡ a ,oa b Øe'k%

a ,oa  b  osQ ifjek.k gSa vkSj  θ nks lfn'kksa osQ chp dk
dks.k gSA

ii) c ml ry osQ vfHkyEcor~ gS ftlesa a ,oa  b vofLFkr gSaA

iii) ;fn ge ,d nf{k.kkoÙkZ isap ysa vkSj bldks bl izdkj j[ksa
fd bldk 'kh"kZ  a ,oa  b osQ ry esa gks vkSj yEckbZ bl
ry osQ vfHkyEcor~ gks vkSj fiQj 'kh"kZ dks  a ls  b dh
vksj ?kqek;sa] rks isap dh ukasd c dh fn'kk esa vkxs c<+sxkA
nf{k.kkorZ isap dk fu;e fp=k 7.15a esa n'kkZ;k x;k gSA

;fn vki lfn'kksa  a ,oa  b osQ ry osQ vfHkyEcor~ js[kk
osQ ifjr% vius nkfgus gkFk dh maxfy;ksa dks bl izdkj eksM+sa
fd muosQ fljs  a ls  b dh vksj bafxr djsa] rc bl gkFk dk
iSQyk gqvk vaxwBk c dh fn'kk crk;sxk tSlk fp=k 7.15b esa
n'kkZ;k x;k gSA

(a) (b)

fp=k 7.15(a) nks lfn'kksa osQ lfn'k xq.kuiQy dh fn'kk fu/kZfjr
djus osQ fy, nf{k.kkorZ isap dk fu;e

             (b) lfn'k xq.kuiQy dh fn'kk crkus osQ fy, nkfgus
gkFk dk fu;e

nkfgus gkFk osQ fu;e dks ljy :i esa bl izdkj O;Dr
dj ldrs gSa % vius nkfgus gkFk dh gFksyh dks  a ls b dh
vksj laosQr djrs gq, [kksyksA vkiosQ iSQys gq, vaxwBs dk fljk
c dh fn'kk crk;sxkA

;g ;kn j[kuk pkfg, fd  a vkSj b osQ chp nks dks.k curs
gSaA fp=k 7.15 (a) ,oa (b) esa buesa ls dks.k θ  n'kkZ;k x;k gS]
Li"Vr% nwljk (3600– θ) gSA mijksDr fu;eksa esa ls dksbZ Hkh
fu;e yxkrs le; a ,oa b osQ chp dk NksVk dks.k (<1800)

ysdj fu;e yxkuk pkfg,A ;gk¡ ;g θ  gSA
D;ksafd lfn'k xq.ku esa] xq.kk O;Dr djus osQ fy, ØkWl

(×) fpÉ dk mi;ksx fd;k tkrk gS blfy, bl xq.ku dks ØkWl
xq.ku Hkh dgrs gSaA
• è;ku nsa fd nks lfn'kksa dk vfn'k xq.ku Øefofu;e

fu;e dk ikyu djrk gS tSlk igys crk;k x;k gS a.b

= b.a

ijUrq] lfn'k xq.ku Øefofue; fu;e dk ikyu ugha
djrk] vFkkZr~  a × b ≠ b × a

a × b  ,oa   b  × a osQ ifjek.k leku  ( sinab θ ) gSa ; vkSj
;s nksuksa gh ml ry osQ vfHkyEcor~ gSa ftlesa  a ,oa  b
fo|eku gSA ysfdu]  a × b  osQ fy, nf{k.kkorZ isap dks a ls
b dh vksj ?kqekuk gksrk gS tcfd  b × a osQ fy,  b ls  a dh
vksjA ifj.kker% ;s nks lfn'k foijhr fn'kk esa gksrs gSa

× = − ×a b b a

• lfn'k xq.ku dk nwljk jkspd xq.k gS bldk ijkorZu&xr
O;ogkjA ijkorZu osQ varxZr (;kfu niZ.k esa izfrfcEc
ysus ij) gesa → − → −,x x y y  vkSj z →–z feyrs
gSaA ifj.kkeLo:i lHkh lfn'kksa osQ vo;oksa osQ fpÉ cny
tkrs gSa vkSj bl izdkj – ,a a→ –b b→ A ns[ksa fd
ijkorZu esa  a × b dk D;k gksrk gS\
a × b ( ) ( )→ − × − = ×a b a b

vr% ijkorZu ls  a × b dk fpÉ ugha cnyrkA
• vfn'k ,oa lfn'k nksuksa gh xq.ku lfn'k&;ksx ij forj.k'khy

gksrs gSaA vr%
.( ) . .+ = +a b c a b ac

( )× + = × + ×a b c a b a c

• ge c = a × b  dks vo;oksa osQ :i esa Hkh fy[k ldrs
gSaA blosQ fy, gesa oqQN lfn'k xq.kuiQyksa dh tkudkjh
vko';d gksxh %
(i) a × a = 0 (0 ,d 'kwU; lfn'k gS] ;kfu 'kwU; ifjek.k

okyk lfn'k )
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u

Li"Vr% ,slk blfy, gS D;ksafd a × a  dk ifjek.k
2 sin 0 0a ° = A
blls ge bl ifj.kke ij igq¡prs gSa fd
˜ ˜ ˜ ˜ ˜ ˜, ,× = × = × =i i 0 j j 0 k k 0

(ii) ˜ ˜ ˜× =i j k

è;ku nsa] fd ˜ ˜×i j  dk ifjek.k  sin 900  ;k  1 gS] pwafd

ĩ  vkSj j̃  nksuksa dk ifjek.k 1 gS vkSj muosQ chp 900 dk dks.k

gSA vr% ˜ ˜×i j  ,d ,dkad lfn'k gSA ĩ  vkSj j̃  osQ ry osQ
vfHkyEcor~ nf{k.kkorZ isap osQ fu;ekuqlkj Kkr djsa rks buls

lacaf/r ;g ,dkad lfn'k k̃ gSA blh izdkj vki ;g Hkh iq"V
dj ldrs gSa fd

× = × =˜ ˜ ˜ ˜ ˜ ˜j k i k i jvkjS

lfn'k xq.ku osQ Øe fofues;rk xq.k osQ vk/kj ij ge
dg ldrs gSa&

˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜, ,× = − × = − × = −j i k k j i i k j

è;ku nsa fd mijksDr lfn'k xq.ku O;atdksa esa ;fn
˜ ˜ ˜, ,i j kpØh; Øe esa vkrs gSa rks lfn'k xq.ku /ukRed gS vkSj
;fn pØh; Øe esa ugha vkrs gSa rks lfn'k xq.ku ½.kkRed gSA

vc]
˜ ˜ ˜ ˜ ˜ ˜( ) ( )

x y z x y z
a a a b b b× = + + × + +a b i j k i j k

˜ ˜ ˜ ˜ ˜ ˜
x y x z y x y z z x z y

a b a b a b a b a b a b= − − + + −k j k i j i

˜ ˜ ˜( ) ( ) ( )
y z z x z x x z x y y x

a b a b a b a b a b a b= − + − + −i j k

mijksDr O;atd izkIr djus esa geus ljy lfn'k xq.kuiQyksa
dk mi;ksx fd;k gSA a × b  dks O;Dr djus okys O;atd dks
ge ,d fMVjfeusaV (lkjf.kd) osQ :i esa fy[k ldrs gSa tks
;kn j[kus esa vklku gSA

˜ ˜ ˜

x y z

x y z

a a a

b b b

× =

i j k

a b

mnkgj.k 7.4: nks lfn'kksa  a = (3î  – 4ĵ + 5k̂ ) ,oa
b = (– 2î + ĵ – 3k̂ ) osQ vfn'k ,oa lfn'k xq.kuiQy
Kkr dhft,A

gy

˜ ˜ ˜ ˜ ˜ ˜. (3 4 5 ) ( 2 3 )

6 4 15

25

= − + − + −

= − − −

= −

ab i j k i j ki

˜ ˜ ˜

˜ ˜ ˜3 4 5 7 5

2 1 3

× = − = − −

− −

i j k

a b i j k

è;ku nsa fd]  ˜ ˜ ˜7 5× = − + +b a i j k ⊳

7.6 dks.kh; osx vkSj bldk js[kh; osx ls laca/

bl vuqHkkx esa ge vè;;u djsaxs fd dks.kh; osx D;k gS] vkSj
?kw.khZ xfr esa bldh D;k Hkwfedk gS\ ge ;g le> pqosQ gSa fd
?kw.khZ xfr esa fi.M dk izR;sd d.k ,d òÙkkdkj iFk ij pyrk
gSA fdlh d.k dk js[kh; osx mlosQ dks.kh; osx ls lacaf/r

fp=k 7.16 ,d fLFkj v{k osQ ifjr% ?kw.kZuA  fLFkj (z-) v{k
osQ ifjr% ?kwers n`<+ fi.M osQ fdlh d.k P dk
o`Ùkkdkj iFk ij pyukA o`Ùk dk osQUnz (C), v{k
ij vofLFkr gSA

gksrk gSA bu nks jkf'k;ksa osQ chp dk laca/ ,d lfn'k xq.ku ls
O;Dr gksrk gSA lfn'k xq.ku osQ fo"k; esa vkius fiNys vuqHkkx
esa i<+k gSA
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vkb;s fp=k 7.4 iqu% nsa[ksA tSlk Åij crk;k x;k gS]
fdlh n`<+ fi.M dh ,d fLFkj v{k osQ ifjr% ?kw.khZ xfr esa]
fi.M dk izR;sd d.k ,d o`Ùk esa xfr djrk gSA ;s o`Ùk v{k
osQ yEcor~ lery esa gksrs gSa ftuosQ osQUnz v{k osQ Åij
vofLFkr gksrs gSaA fp=k  7.16 esa geus fp=k 7.4 dks fiQj ls
cuk;k gS vkSj blesa fLFkj (z-) v{k osQ ifjr% ?kwers] n`<+ fi.M
osQ] ,d fof'k"V d.k dks fcUnq  P  ij n'kkZ;k gSA ;g d.k
,d o`Ùk cukrk gS ftldk osQUnz C, v{k ij fLFkr gSA òÙk dh
f=kT;k r gS] tks fcUnq P dh v{k ls yEcor~ nwjh gSA fp=k esa
geus P fcUnq ij d.k dk js[kh; osx lfn'k  v Hkh n'kkZ;k gSA
bldh fn'kk o`Ùk osQ P fcUnq ij [khaph xbZ Li'kZ js[kk osQ
vuqfn'k gSA

ekuk fd ∆t  le; varjky osQ ckn d.k dh fLFkfr P' gS
(fp=k 7-16)A dks.k PC ′Ρ , ∆t  le; esa d.k osQ dks.kh;
foLFkkiu  ∆θ dk eki gSA  ∆t le; esa d.k dk vkSlr dks.kh;
osx ∆θ/∆t gSA tSls&tSls ∆t  dk eku ?kVkrs gq, 'kwU;ksUeq[k
djrs gSa] vuqikr  ∆θ/∆t dk eku ,d lhekar eku izkIr djrk
gS tks P fcUnq ij d.k dk rkR{kf.kd dks.kh; osx dθ/dt gSA
rkR{kf.kd dks.kh; osx dks ge  ω ls O;Dr djrs gSaA òÙkh; xfr
osQ vè;;u ls ge tkurs gSa fd js[kh; osx lfn'k dk ifjek.k
v  ,oa dks.kh; osx ω  osQ chp laca/ ,d ljy lehdj.k

rυ ω= }kjk izLrqr fd;k tk ldrk gS] tgk¡ r  o`Ùk dh
f=kT;k gSA

geus ns[kk fd fdlh fn, x, {k.k ij lehdj.k
rυ ω=  ǹ<+ fi.M osQ lHkh d.kksa ij ykxw gksrh gSA vr% fLFkj

v{k ls  r
i
  nwjh ij fLFkr fdlh d.k dk] fdlh {k.k ij]

js[kh; osx v
i
  gksxk

i i
rυ ω= (7.19)

;gk¡ Hkh lwpdkad  i dk eku 1 ls n rd cnyrk gS] tgk¡
n fi.M osQ oqQy d.kksa dh la[;k gSA

v{k ij fLFkr d.kksa osQ fy, 0=r , vkSj blfy,
= 0A vr% v{k ij fLFkr d.k js[kh; xfr ugha

djrsA blls ;g iq"V gksrk gS fd v{k fLFkj gSA
è;ku nsa fd geus lHkh d.kksa dk leku dks.kh; osx 

fy;k gSA blfy, ge  ω dks iwjs fi.M dk dks.kh; osx dg
ldrs gSaA

fdlh fi.M dh 'kq¼ LFkkukarj.k xfr dk vfHky{k.k
geus ;g crk;k fd blosQ lHkh d.k] fdlh fn, x, {k.k ij
leku osx ls pyrs gSaA blh izdkj] 'kq¼ ?kw.khZ xfr osQ fy, ge
dg ldrs gSa fd fdlh fn, x, {k.k ij fi.M osQ lHkh d.k
leku dks.kh; osx ls ?kwers gSaA è;ku nsa fd fLFkj v{k osQ

ifjr% ?kwers n`<+ fi.M dh ?kw.khZ xfr dk ;g vfHky{k.k] nwljs
'kCnksa esa (tSlk vuqHkkx 7-1 esa crk;k x;k gS) fi.M dk gj
d.k ,d o`Ùk esa xfr djrk gS vkSj ;g o`Ùk v{k osQ
vfHkyEcor~ ry esa fLFkr gksrk gS ftldk osQUnz v{k ij gksrk gSA

gekjs vHkh rd osQ foospu ls ,slk yxrk gS fd dks.kh;
osx ,d vfn'k jkf'k gSA ̄drq rF; ;g gS] fd ;g ,d lfn'k
jkf'k gSA ge bl rF; osQ leFkZu ;k iqf"V osQ fy, dksbZ roZQ
ugha nsaxs] cl ;g eku dj pysaxsA ,d fLFkj v{k osQ ifjr%
?kw.kZu esa] dks.kh; osx lfn'k] ?kw.kZu v{k osQ vuqfn'k gksrk gS]
vkSj ml fn'kk esa laosQr djrk gS ftlesa ,d nf{k.kkorZ isap
vkxs c<+sxk tc mlosQ 'kh"kZ dks fi.M osQ ?kw.kZu dh fn'kk esa
?kqek;k tk,xkA nsf[k, fp=k 7.17(a)A bl lfn'k dk ifjek.k]

, tSlk Åij crk;k x;k gSA

fp=k 7.17(a) ;fn nf{k.kkoÙkZ isap osQ 'kh"kZ dks fi.M osQ ?kw.kZu
dh fn'kk esa ?kqek;k tk, rks isap dks.kh; osx ωωωωω     dh
fn'kk esa vkxs c<+sxkA ;fn fi.M osQ ?kw.kZu dh fn'kk
(okekorZ ;k nf{k.kkorZ) cnysxh rks      ωωωωω     dh fn'kk
Hkh cny tk,xhA

fp=k 7.17 (b) dks.kh; osx lfn'k ωωωωω dh fn'kk fLFkj ?kw.kZu
v{k osQ vuqfn'k gSA P fcUnq ij fLFkr d.k dk
js[kh; osx  v = ωωωωω     × r gSA ;g ωωωωω     ,oa r nksuksa
osQ yEcor~ gS vkSj d.k ftl o`Ùk ij pyrk
gS mlosQ Åij [khaph xbZ Li'kZ js[kk osQ
vuqfn'k gSA
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