Differential Equations

«$» He who seeks for methods without having a-definite problem in mind
seeks for the most part in vain ~"D. HILBERT <

9.1 gffeAt (Introduction )

Fe X| 6 39 G oF ™ 5 H BH o B off, TR fhAh i L e
Tk TS wR ok Wel Rl et f el STaeherst ohd T
oo S @ ereriq fopedt o f 6t Rty wid o g
X % faw, f/(x) h8 @ fehar ST g1 sHeh SAfafie
AR U o1 § ghA o & off, TR afk e
%o ol STdehers e g © dl Wl f ok 3 feha
ST 9 Fet w0 F G A S wehdr g
et fiuw gu wer g% fau wer f 9@ wifse arfew
dy _
o
HHIRTT (1) o Y9 ATe] FHIHIT Sl STaehd THIEHT
HEd | THRT SATEnies gRee | ¥ < S
3{eshel THEHIUN 1 SYAN H&A ®9 W Hifae!, WA fome, ste famm, aea
fore, sifemt, sreferes onfx fafu= &= o feran S @1 ord: weft sty SR
ST oh foTU Sferhel THIHTON o T ST 1 3Ad AEYIhd 81 39 37419 |,
B STk FHIH i HD YR Hehou 3Tl 3TdThel HHIHLU o =T T4 fafire
T, SThT FHIHT 1 A0, Yo hife TS Yom =1 o6 3Taehal THIHIU i T HLA
=1 oo fafuat it fafer & o eraee THienl o o STAm & a) § e S|

a5 -y

= Henri Poincare
900 Ty = f () - (@) (1854-1912)
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9.2 IMURYA Heheud, (Basic Concepts)
T e ¥ & FrefeiEd weR o gl 9 uiifed @

x2-3x+3=0 .. (1)
sinx+cosx=0 .. (2)
X+y=7 .. (3)
amey, FrAfafeaa gt R foem &
dy
X—+Vy=
dx y=0

. (8

71 U © foF gt (1), (2) W (3) H shad as siveteen s =18 (Th
o arfueR) Snfirel € ST for SEieRTor (4) o =RSh W-Te TS = (X) % Hel St
=R (y) 1 STashers ff Wi 81 39 YRR 1 THIHI SFeshel GHII0 HeEeld 2|

T : Teh T gHeRor, gy T@as =) (S) oF | enfed = o sTaehals
qftaferd 2, sTahe T FHEa ¢l

Teh UHT 3Taehcl THIH0T, fST9H chael Teh Tds =< o |19el, Sff3d =R o 3Taehelsl
qitafed 8, S saehd GHE e ) Sae Al

d’y  (dy)’_
ZW-F(&) =0 (5)

T HHE Saehel THR 2

F:E<E T Wt sTaed gl B ¢ f59 Tk 9 sifies w@ids =1 o aie Steeherst
S B9 &, 39 YR o iaehel THIehI0 3T ofadhel GHIhi0l Fead 2l afhd =9
TR W BY 319 37T ! hadl HMEFT 3Tdehel THIRIN o Te999 deh Hifgd Wil 399
M BH W 3Tl THIRIU o AU 3Teehel THIRIl I1s5 h1 &1 SYANT il

| et
1. BY 3fahas o fau frafafad derdl o5 Suam &1 s <1

dy_ ’ dzy_ ﬂdsy_ "
dx_y’dxz_y'dx3_y

2. 3= Fife A SFowEs o forg, Ta e e (dashes )Fi 3= HORI ok &Y
F IR F SIS 2N SHfe nd Fife At Srahes d—g%mgﬂﬂ'@ﬁf
y. &1 IR | o
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9.2.1 3laaheT HHIEHIUT &t &ife (Order of a differential equation)

fopdt aTaehcl GHIRTUT i hif IH 3Thel THIHIU § Giferd Toas =X oF Trael A1t
=R % IoIdH FIE o TAHRAS FI hife gRI IRHIMTG Bt 2

freafafaa steema gHiRl W famm wifau;

dy &

—— —e

o (6)
d2y

o +y=0 . (D)
dy (dzyj3

- | = .8
dx® X dx? ®

THE (6), (7) TH (8) W shAST: o, f5dfia 1d qdd wife o I=aaqq Tashas
Iufterd & Tafelt 34 gt &1 *ife F99: 1, 2 @ 3 2l

0.2.2 3iaehcT WHIHTOT ahitndld (Degree of a.differential equation)

ol atoehel GHsRTOT 1 STA T AL FE b fow ged fag ue © 6 ow st
HHRTT, STFHRASN Y, Y7,y AR | agas THR0T g1 =ifeq| ffafea awiemon
T foar wifsa:

dy (d2y)" dy

— 42| —| ——+y=0

dx® dezJ ) - (9)
[d—yj:ﬂ—sinz y=0 10
dx dx -+ (10)
dy . [dy)

—+sin| — =0

—~ ™ . (1)

B4 Uferd hed € fop weftentor (9) vy, Y/ Ue Y W Sgug HHieRr €1 T (10)
y | 9EUE T 2 (T AR yH Ggs e §) 39 UHR & Aeashel THiel #i
HIq o qRIE fRan S wehd 21 W e (11) Y H ague qHieR T8l 2 3R
3 YR o STaehel THIHTUN 1 ST 1 YRS &l fohan ST Sehar 2



398 wford

% Teh TRl THIHTU STaehersil &1 TgUS THIHIU € dl SH STaehel THIH &
oA W SHN 193 © SH 3ferhel HIH0T H IURES S=UqH WhifE o STahers] i Soaaq
IR ECUIED)

I IR o Hed § w9 U R Hehd ® foh SRl (6), (7), (8) W
(9) & ¥ Yo 1 A 1 €, THISLO1 (10) oI WG 2 € e b 31eehel WHISHIOT (11)
1 = ufenfaa = R

| feorutt | foreht stama wieT ®1 Hife w6 AW (A GRefE @) eEen
¥ qUTfeh 2 B

saretor 1 fAfafea steswa el § 9 9&e & ife Td = (I gt =)
BIGRCIISLE

dy dy (dyjz_yﬂ_

i) ——-cosx=0 i) Xy—+X|—
U dx 0 e ox

dx
(i) y"+y*+e¥ =0
'
(i) 39 sTashe THIHE § SURyd I=aqyq Hife Tashers %‘%I afAT sHH] Hife

1%|agy’ﬁa§qaﬂﬁ1w%®% T AeTRAT T | 7, ST 3T STahet
FHeHIOT T S 1 B

(i) =9 TaFc THHIO H IUMEAd I=aqH hife STaehers] %‘% | 3YfAT THH] hife
Z%I%WW% @%ﬁa@aﬂﬁwwéaﬁ? %ﬁﬁw
ol | B, SUIT 39 3Tohel THIhIU i o 1 2l

(iii) T9 TR GHIR H IUMEed IeaqH hife TR y” ¥l THAT THHT HifE 3 T
T THHO 1 SR qe STaehers W Sgus el € SHieT SEeh! S URWIid el €|

| womaet 9.1 |
1 ¥ 10 T o Y9l § I Tdehel THIRIU ] hife Te od (Afg qfsqfod &) 3@
it A

d : ! 2
1. KZH'”(Y"'):O 2. yY+5=0 3. (—j +35E=0




AR THIHIOT 399

2
d?y dy d’y -
4. (Wj +cos(&)=0 5. chos3x+sm3x
6. (Y + P+ Y +y =0 7oy" 42y 4y =0
8. Yy +y=¢ 9. y'+(y)’+2y=0 10. y"+ 2y +siny=0
11. Terhdl FHIHTO
2.\3 2
[d—Zj +(ﬂj +sin(ﬂ)+1=0 1 AT
dx dx dx
(A) 3 (B) 2 ©) 1 (D) st 7=t 8

2
12. 3Yehe] FHIH 2x2d—y—3;ﬂ+y=0ﬁaﬁﬁ%z
X

dx?
(A) 2 (B) 1 (C) 0 (D) afiefea et 2
9.3. 3Tdehel WHIGIUT hI(HAM UG Tafdre za, (General and Particular
Solutions of a Differential Equation)
fett wmensti W g9H frfafad 9R o e ®i ga o 2
X*+1=0 ~ Q)
sin?x — cosx =0 - (2
GEeRTol (1) qe (2) 1 Ed Uk U arEdfoss steen 9fimyg gen S R g
TR 1 GO HIdl © i S 3H WS i THiRl § SR X o TM W
yfcreenfad X f&an S @ @ <@ ge iR S ge oed SRR @ W €l

3 TR GHIHI %+y=0 .. (3)
X

R faam &\ 2

U < THIRON o fIudia 39 STaehel HHIHTOT 1 Bl Ush UE el ¢ S 39
HHIHROT 1 TI HEN A 9 T e ¢ i STkl FHH | T1d y (M <))
o T T gfaeenfyd s femn s © o o 9ey SR ST 9 Ser 8 S 2l

qH Y = ¢ (X) SR THHT h1 BA dh (FHIGSH %) Heed ¢l Frefated
e R fo=r sifse

y=¢ (X) =asin (x + b) .. (4)
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Sl a,be R. 4R 39 HeM 3R $Uh oTashalsi &1 G (3) § gfaeenfud &<
fen ST ) 9t ue SR SR g S B S &1 SHi I8 Held staehel THR (3)
1 B 2

msﬁmwaaﬁxm@mmazz@b:gamm%mﬁ
frefafEd wed I B e

y = 6,09 = 23in(x+§) . (5)
(e 30 o MR 5Hoh STaehersil shi THIHoT (3) o Gfaeenfua s fean se @ g1 :
A e SR IR UE 9 B W €1 gefa g, ot T (3) % UE T
Ter ¢ ¥ e R (W) a, b @fiEfed € qun 98 %o XU gu st
HHHT T SAGF T FEAM &l ol B O, " g i TEres 3R Hitfer Tl
2 Afd gral a e b ok faftre O safter § o1 cufeT S9! sTaehd SHI &
fafere g1 Fer S 2
T B, e W SR Sufted B Sfaeshel YHishiol Sl o9 Bl Heal &l
T e, S Wes Rl W Yo v 21l oA gl | e ot o fafire 9 ?H W
W e, STeehel THIH0T 1 faf¥Te eal sheam 2l

2
SEEI0T 2 FAIUd ST o ®ed y =e ¥ s/ahal FHIH %+%—6y=0w

T & B

ol o gon wer y= e ™ ®| 3Heh I Uall o1 x o WUel STeehe i W W U
FW B

%=3e‘3x (D)
X
319 AR (1) T X o QMU TF: STashe i W W 3@d € fR

dzy — —3x

v =0e

2
d yﬂaﬁiymm,ﬁqnﬁwaﬁwﬁqﬁwﬁﬁmﬁmmmqﬁ%ﬁﬁ

‘a2 dx
AT U = 9e ¥+ (-3 ) — 6. ¥ = 9e¥—9e =0 =<TA UA
zafay fean gen wor f{U U ereehel HHiehol 1 T &l B
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SEENUT 3 FAMgd Hifve ff ®ed y = a cos x + bsin x, S&H a, b € R, 3/@&d

2

HHfeRToT %erzoﬁb‘r%ﬁ%l
X

ol T gen wer @
y =a cos X + bsin x .. (1)

GHIRTOT (1) o ST Ul 1 x, o G ST TR H W BH @A o

” =—asin x + bcos x

dx
d2
—z =—acos x —bsin x

d’y . \ :
ﬁ@ymm@@@mﬁmﬁmﬁamﬁmwméz
AT U&= (—a cos X — b sin x) + (acos x + b sinx) = 0 = AT w&

TEfeT 5o gan wer, KU g sishel THieul S eel Bl

| wro=Tarett 9.2 |

1 9 10 T s TR § HAfud sifee foh Toan go wer (ST 31edl 3Teue) 9T
T THIHL 1 BA B

1. y=ex+1 ; y -y =0
2. y=x*+2x+C oy -2x-2=0
3. y=cosx+C : y +sinx=0
_ : N
5. y=AX ; Xy =y (x#0)
6.y =xsinx ; xy’=y+x,/x2_y2 (x#0 x>y e X < —Y)
y2
7. xy=logy+C : y’=1_Xy (xy # 1)

8. y—-cosy=x : (ysiny+cosy+x)y =y
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9. x+y=tanly ; Yy +y2+1=0

10. y= ,/32_X2XG (-a,@:x+y ;—di =0(y=0)
11. =R i ot ot ofoehel THIehol & S0 Bal | SUMed @es =l & el o

(A) O (B) 2 € 3 (D) 4

12. @ wife aret fhet Tasa aHiE o faftte ga o Iuferd @@= o= &t
e e
(A) 3 B) 2 © 1 (D) 0

9.4. faU TU U T AT ATeheT HHISRIUT skl HIUT (Formation.of a

Differential Equation whose Solution is Given)
B WA € R g

X2+y2+2x—4y+4=0 - (1)
T TH gd HI Frefud w7 g g (-1, 2) ? @K 51 e 2
THIHTO (1) T X, o HHE TR Hid T U i &

L ) e

g Tk el G 1 3 o= F @ foh (AR 9.5.1 1 351w 9 3f@n) &
g TR o5l o Ush ohel ! FETd HLdl € SN 36 el 1 Ush Ha& Tl (1)
o fean gan 94 21 omey fefatea g @ faer *i:

X2+ y2 =2 .. (3
r, 1 fafy= oM <3 W &9 Fa o 9= a5 ar
BId T SR X2+ Y2 =1, X2+ Y2 =4, X2 +y? =9
T (3TRfd 9.1 3f@U)| 36 YRR FHIH (3)

T U8 ST Nl o el i TEUd il € TSRt
S5 1 g # iR fort oo ot ) X<
TR T 39 el o YAF TS gN G fy

ST ST STkl TR0 1 i § 71 T8 FHIHTT
r¥ ga M aifen ;i Fa & fafv= e & N
fu r 1 7 o= 21 WO (3) T x o | TRt 9.1
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HIhT HH R TE GHIHT Y feman Srm 21 sterfq

2X+ 2y %=0 JAYAT  xX+y ;—di=0 .. (4)
e e THIHT, THIHTOT (3) R Frefua Wehsl Jaii o el ol eTya a2l

amet f § frefafed T W faeamr

y=mx+c .. (5)
el maen ¢, o fafa= Al 9@ e ool o fafi TeE W B @ Seeiuad
y =X (m=1, c=0)
y=3x (m=+3, c=0)
y=x+1 (m=1, c=1)
=-X (m=-1,c¢c=0)
=-x-1 (m=-1, c=-1)

TS (3Mefa 9.2 fEw) | v B
39 YRR G0 (5) T @iel o Fd i e %
3 fod m, ¢ g 2 -

319 TAN 9 39 el o Yo TS gN UG foh
ST STl STeshel GHIhI0 G e H 21 FHeh afafe X<
I8 FHIHIOT m A ¢ | oK B @I Hifh FeA o6
fafer= ge= & fau mqen ¢ &1 9 9= 21 98 ST
THIRIOT, TEIHRTOT (5) 1 X o GHel FATIR I 91

Y’
TR HH TR U Bl & TR 9.2
dZ
%(l:m qaa Kz=0 ... (6)

Gl (6), THIHTOT (5) gN XU U Wa W@nsti & a1 fefad s 2l
fooquft wefieRtor (3) den (5) wHY: GHEW (4) TS (6) & AUH &A o

914.1 | feu gU Tkl & FeT il (1Ud ¥+ aTet 3aehe] THIHIUT & fafor i
wfebar (Procedure to form a Differential Equation that will represent a given
Family of curves)
(a) af fiu gu ol *1 F@ F, Foat TF gEa | iR s € @ fefatad
w9 a1 FHiHT R frefaq fE s
F (x,y,a)=0 .. (1)
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TR, WA y? = ax &1 e f(x, y,a) : y? = ax o ®9 alel FHH §R
frefa foren s Heman 21
THIRTOT (1) T X GTUET 3Taehe i W eH ', y, X, Td a ! Afmferd &
Al Teh FHieRto] fefeiEd &9 § 9w e e

g yy,a=0 .. (2)
THRT (1) o (2) § a ! faqw & W TH TEvasdh Taehd FH
frfateaa 9 & 9 g e

F(xy.y)=0 .. (3)

(b) =fz f&u gU ol &1 FoIF  r=a a, e bR FsR e @ @ 39 Frefafea w9

el THieRoT gR1 Frefua o s 2

F,(x,y,a,b)=0 o (4)
HHIRTUT (4) ST x oF WY& 3TEehad sid WER Y, Xy, a, bl AT ST e
T gt FrEfefad 9§ 9 e 2

g(xvyYy,ah=0 .. (5)

WY 3 GHIHION wY TEEdl @ < Wl i faea w5 geg T2l ¢ safay g
Teh A TR0 R SEYIEhdl 81 TE HIHO!, HHEI0 (5) 1 X o WIuel
ekl T R fefafigd w9 9 g fR s e

h(xyY, Yy, ab=0 .. (6)
THR (4), (5) @ (6) § a®dl bl Taqa & W H A@9TH Tahd
et fefetiad &9 § g e e

FXy Y. y)=0 )

| Toonuft| forelt ok Fa i Frefid w3 a6t sfaher T #1 FIfE S &
B @ a9 SH 9% el o G GHIH § Wes 3R B 2

SEMETUT 4 Fehl oF el y= mx 1 &G T alel 3Taehal THIHIUT Sl T4 HiTeT
SeIfh ' m T @Wed IR T

T fean gen © f

y = mx .. (D)
iR (1) o5 S Y& 1 x o G STEehed % T BH W w4 B

dy

— =M

dx 4 g
m T A FHE (1) H yiaeenfad 3 W gd y=d—i-x aqsqanxd—i—yzo el

B Bl I U m ¥ G ® 3R gEfein e ervfiee steshel THis )
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SETEI0UT 5 Tkl o ol y = asin (x + b), ’EH a, b @ orR €, 1 fefud e 9t
STdehel FHIHIUT hi TG hiToIT|

gor fem gem 2 f&6 y=asin (x + b) . (D)
FHHTOT (1) o IFT 9&li 1 x & G0e ST STaHeT I W g0 I HW o
;—di:acos(x+b) - (2)
d2y )
F:—asm (x+Db) - (3)
T (1), (2) @91 (3) ¥ a qe1 b i foae@ % W 89 W & 2
d2y
W-ﬁ- y=0 (4)

THIH (4) Wo3 =R adq b ¥ OH © IR Gl T anfiee 31gshal TR 2
ETET0T 6 W el o pet 1 eI e STel STashel THIOT F1d hifrg fSreht
T x-218 W qen e s g g R

T BH WA © b o Seigdl o ol s g FEteiEd YR T el @
(smepfa 9.3 ¥fEw) \

2 2

W

0 =

TR0 (1) T X ok HUE 3T i W g X< N

2N g 3

a®> b dx |
Y’
y(dy) -b?
Jgdr ;(&)=a—2 .. (2) 3TTeRfd 9.3

eIl (2) o ST 9 FT X F WU e I W TH W Bl o

dy
e £
x ) \dx? X2 dx
d2 dy)  d
Jgdr Xy y+x(—yj —y—y=0 )]

W dx dx

TR (3) a1 sTaehel GHRTT B
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SEEI0T 7 X-319 I 7o fog W T L 9l o[l o e Y
T SThel FHIHT A it

T HM S, x-3181 S Ja foIg | TRt & aret gt
& gt w C ¥ s foman wman 21 (0, @) 39 FA &
forelt T o o5 fag o fadess € (eepfa 9.4 3fEm) |
TEfAT el C o1 THIT 2

X re) X
X+ (y—a)y =a? AYA x* +y? = 2ay - Q)
forad a U wWres 3T 81 iR (1) & <H1 vl ,
FT X UG FaFed FE W I FW o Y
d d 3TTeRfd 9.4
ox +2y—Y =24 %L
dx dx
aqeren x+yﬂ:aﬂ
dx dx
x+yd—y

qedx

ST dy . (2)
dx
THET (2) ¥ a S A9 FHEW (1) § @ WA wW o
|:X+y%j|
2, .2 X
X“+y _2y—ﬂ
dx

aqeqan ﬂ(x2+y2)=2xy+2y2ﬂ

dx dx
Al ﬂ=%

dx x -y

¢ XU g 9N & et 1 A sTahel G

SATE0T 8 U WAl o el i &MU i ATl STaehal FHIHIUT [1d ity FTent
3 gt fog @ 2 qen fSeet o1e1 wATms x-31e 1 fgen 2

T A e for Swisd afda weeat & et w1 P 9 fafds fean s @ @ik
SH el o THEl TSI &1 A (a, 0)W € FEd a Tk uHcHsh Wes e
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(ammepta 9.5 @) | ST el P o1 T 2 Y
y? = dax (D
FHIRIOT (1) oF 3T U8l 1 x oh e TR

e T %

dy 0 (@,0)
2y = 4a . 2
v @

TR (2) 9 4a T 9 HIHWO (1) | WH W
%Tftﬂﬁ% ;{’

y? =(2y%)(x) o

dy

2

379 —-2xy—=0

y ydx 3)

THfteRor (3) GU g Weerdl o el i 2idehd THIH €]

| gyerarett 9.3 |

1 9 5 T Y% U H, e 3= adenl b @ fag@ s gu XU U o & g
& Fefd 3 IIeT Tashal THRI0T 1 hiTeu|

y =e* (a + bx) 5. y=e*(acosx + b sin x)

y-3187 &l e fog W T%f 3 a1t gl oh A I STkl HHIHIU T i)

U Wl o ool 1 SAashel GHILl FfHa iy foment oid ot fag w 2

AR TSehT 781 eeTeeh y-31eT i feem o ©

8. WA drefgl o et i STaehel GHIHT Hd HIfTQ FSeent it y-e1e1 T & qen
Sh1 % gt fag 2

9. UH Mfawdedl o Fel HT STdHe GHIFI F1q HIfQ et TR x-318 W F
e fSeT %% 9w g 2

10. TQ T o Pl HT ST GHIHOT A H AT FeRT ohg y-278T R 2 AR Rt
e 3 3hTE 21

11, Frefafed sma geiwwl § 9 fohg THiwon 1 A9s &l y = ¢ e + ¢, e B2

2 2 2 2

d7y d7y d7y %_1:0

(A) 57+Y=0 (B) 57-¥=0 (O —5+1=0 (D)

~N o b
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12. frefefaa gt o 9 forg it @1 & faime edy = x 8?2

d’y . dy d’y _dy

—_— X — 4 =X —_t X =+ XV=X
(A) dx? dx & (B) dx? dx Y

d’y L, dy d’y dy

—L x*ZLixy=0 D) —5+x—=+xy=0
(©) dx? dx y () dx?  dx i

9.5. WUW hifE U WAW HUTA ok 3Tcehcl WUIHIUT hl TcT ki okl Tafert
(Methods of Solving First order, First Degree Differential Equations)

39 U=’ § W YW Hife UF YW W o Adhel GHIHIUN HI TA HH HI A
faferai =t ==t w3
9.5.1 gYFRIUNT =¥ a1t 3aaheT THiehuT (Différential equations with ariables

separable)

YU HIfE T Yo B 1 STaehel et fefafad ®9 &1 8l 8:

d
d—i=F(x, Y) .. ()

AR (X, y) 1 TOHEA g (X), h(y) o &9 o tferem oz S e € s@l g(x), X
T § SR h(y), y 1 T e €l WHIR (1) YUERioiE =X ol qHiw
FHed g1 TH 8RN 9 GHie (1) i fefafed &9 o fon s g e

dy
x - w -9 X - (2)
AR h (y)#0, T T I J&UF H G THHWT (2) H
1
h(y) dy = g (x) dx .. (3
o ®Y ¥ foran S Tehel &1 G0l (3) o T T8l 1 GHIehe i W gH W i B :
1
Wdy = [ g(x) dx . (4
TH TR WHIEHOT (4), XU g 3teehel THfieheol w1 gl el &9 | WEH i €
Hy)=G(Kx) +C .. (5)

7l H (y) T G (x) F: ﬁqﬁg(x)a}?srﬁmawa%‘aﬁwcéﬂw%
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SETETUT 9 STIhal FHIRT %zg—ﬂ,(y;t 2) %1 SAMUE T Fd KIS
X -y
o T mn ?
d 1
d—i:% y# 2) - (D)
GeRTor (1) § =R I goeh i W BH Wd H B
2-y)dy =(x+1)dx .. (2)

TR (2) o JF &l T HHRO % W FH U R ©
[@-y)dy =] (x+1)ax

2 2
37eqel 2y—y7zx?+x+c1
3eqa X+ Yy +2x-4y+2C/ =0
SR X2+y?+2x-4y+C=0 .. (3)
Sl C=2C,
HHIHIOT (3) Sferhel THIRTUT (1) 1 9% & 2

FETETOT 10 3Taehced HHIH IO ﬂ:“yz

dx 1+x°

o Hfh 1+y? #0, 300 =X 1 guIeh e g X1 geN ol TR fmfafed
®Y ¥ for@n s @ &

dy  dx
HHiRTOT (1) o S el o1 HHehe i g 8H U ®©:

J‘ dy :J- dx
1+ y? Y1+ X2
3eqa tanty = tan’x + C
e FHIEI0T (1) 1 9% B &

1 9% BE A HITed|

JAEIOT 11 TR FHIHI %=—4W2wﬁﬁ1¥€aaﬁaﬁm,aﬁyzlw
x=0g
T ARy 20, G g3 stk gt fefefaa w9 o foran <1 g €

dy
7=—4XdX (1)
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FHROT (1) o IF 98 1 GO HE W EF U o
d
jy—);:—4jxdx

1
SREl —;2—2X2+C

1
YAl y_2X2_C (2)

Tt (2) §y =1 3R x = 0 gfeeenfud e W g4 C =— 1 9w 8l 2
C &1 A THi (2) | gfaeenfia w3 | KU gu seea g &1 faftre &

L e BT 2

T %41

sarEvor 12 fag (1, 1) | oA 16 T T 35k 1 it Shifsie et seea
GO X dy = (22 + 1) *dx (X = 0) Bl

y

el RU gu o g & fEfafted €99 sifysrea fman s g @

2
dy:(zx +1de
X

3qal dy=(2x+ ljdx - (1)
X

FHRTT (1) o SF 9&l @1 FHERO % W BH W W o

J.dyzj' (2x+%)dx

3eqa y=x*+log |x|+C -2

Tt (2) XU gu STashet THIhI o A dohi o el i FTEfud Hidl & W
TH TH ol o U UY fafTe 9eey &1 gl 96 S =ed § S fag (1, 1) 9
TSRAr &l

. d A . R L
*  ofaiel gRI YEd Hehd d—y\ﬂm orefienl €, q ogd O T U Ao sl § e
X

BIa1 €, STl €9 dx 3R dy i RO HErsi i We Aaer § @ €1 dx 3R dy i gUeh-geh
T WM g9 agd | UM i gEue sAre # @ehd €1 | Introduction to calculus and
Analysis, volume-I page 172, By Richard Courant, Fritz John Spinger — Verlog New York.
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zEfery THeRer (2) § x =1, y = 1 gfqeenfud e W e C =09 erdl &1 C
T TR (2) H fqeenfyd s W gH 31+t 9% w1 gl y = x2 + log [x | &
®Y § 9w e @l

F@ET0T 13 65 (-2, 3), ¥ oA are UH ok Sl GHIHI0 A1G Fifee eh fodt
&g (x,y) W w9l W@ 1 yeor %%ﬁ

T %ﬂaﬂﬁ%ﬁﬁ{ﬁaﬁﬁwﬁ%@aﬁm%%w@?ﬁﬁw

Y _x - (1)

dx 2
aﬁaﬁqwaﬂﬁng%m(l)aﬁﬁﬁr%ﬁ@ﬁmﬁmmm%:
y?> dy = 2x dx . (2
GO (2) o T el o1 HHEhe S W B9 Wiw hid ©
Iyzdyzj2xdx
3rere y—33=x2+C - 3)
T (3) § x=-2,y = 3ufqenfud e 9 ed C =59 gl &l
C &1 AF THeIT (3) o Hiqeenfud & | g6 i a1 THieh

3 1
y?zx2 +5 e y=(3x? +15)3

% ®Y § U Bl 2l

SETETOT 14 TEh S W qored w1 gfg 5% aiffs w1 < @ gt 1 fhad ool o
Rs 1000 =t Tf¥1 ST &1 S ?

T M ofifere el 99 t W geeH PR < g8 9ee o 3T ER

dP [5)
T[> )«p
dt ~ \100

P P

SREll E—Z—O .. (1)
GHieRToT (1) W =X i YUeh T W, TH UK HI
dp dt

= - (2
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HHRTT (2) o 3T Yl R GHHET O W EH U i ©

t
- —+C
logP 0 1
L
A P =g20.g%
L o
A P=Ce2 (S&loG —) - (3)
arel P=1000, 9 t=0

P 3R t %1 5 Tl (3) § W W H C = 1000 9T W 2
ZEfeTy iRt (3) ¥ B WK i ® ¢

P=1000 3
M ST t ot o gorer g 8 S ®, qd

2000 = 100035 = t=20l0g,2

| et 9.4

1 910 I o 91 |, Tdeh 3Tochcl THIRIUT h1 19k 81 F1d ohi[sIU]
1-cosx
1. %= 2. ﬂz«“—yz (-2<y<2

1+cosx dx

d
3. d—§+ y=1(y=1) 4. sec’xtany dx +sec?ytan x dy =0

d
5. (e+ e dy= (e —e)dx=0 6. d—i=(1+x2)(1+y2)
d
7. ylogydx-xdy=0 8. X5_y=—y5
dx
ﬂ—sin_lx X X 2 —
9. I 10. e*tany dx + (1 —€e*) sec’ydy =0

11 § 14 T o J90 |, Y& 3Taehal GHI o fau U gu ufaey i 9ge &
aren fafere ga A hifsy

11. (X3+X2+X+1)?j_i =2¢+xy=13 x=0
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13.

14.

15.
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17.

18.

19.

20.

21.

22.

23.

ek WHIRWT 413
x(xz—l)ﬂzl-yzow&'x:Z
ax
cos(ﬂjza(aeR);yzlzlﬁ:xzo
dx
dy _
X

g (0, 0) ¥ oA 9T T UH T 1 THIHIU A0 HIf fSTHhT 3T
TR Y’ = exsin X €1

ytanx;y=13<x=0

aawqﬁwxy%=(x+2)(y+2) 3 for BT (1, -1) @ oY A I

d hifSw)

85 (0, -2) ¥ SRA 9161 TH UY T T THIGO T hifog ek fRdt fog
(x, y) T S99 3@ T geaurer @ik 39 fag o y fdene @1 uEwe 39 fag & x
fdenien o SR 21

Th ook oh fohdl 95 (x, y) T &4%0 @1 ot georar, 991 fag 1, fog (- 4, -3).
3 e a1 YETEe F AR F S 2 AR 7w 9w 6 (<2, 1) @ T 8
T 39 Tk 1 YHIROT T HitsT)

Teh AT T[T o1 STa, f58 gal oent Farn o @ €, feer fd ¥ wga
@1 € A aEH § 39 oA i 5 3 S ® 3R 3 Yehe 9% 6 THE €, @l
t HohE 91 IW TR ol A Ja Fife)

foret o o qoe w1 Jfs r% Afiw w1 T W T T AR 100 T 10 T H
T 8 S 7, @ r %1 HH 0 site (log,2 = 0.6931).

et s ® e #t gfs 5% 1w ®1 T W Tt T 39 S H Rs 1000 ST
U W &1 @ ST fom 10 a9 o€ 78 TR fohat 81 Sgf? (€05 = 1.648)
fopell Sfremo] T o Sframupe s G@A 1,00,000 &1 2 S W SR A H 10%
1 gig et €1 fohaw =il o Sfraropeii &1 w@wm 2,00,000 & ST, Ffe Semowd
o gig I L STk SUTEYd HEAT o FHEUN! 2

ST wﬁw%ze“ywmwéz
X

(A) e+e¥=C (B) e+e¥=C
(C) e*+e¥=C (D) e*+e¥=C
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9.5.2 | Fdahel GHiauT (Homogenous differential equations)
X Tdy & frefafead wer | foeam wifeg
F o (xy) =y*+2xy, F, (x,y) =2x - 3y,

F, (x, y)=COS(%j, F, (X, y) =sinx+cosy

IfE ST werl § x 3R y i ol YR omR A % fow #aw: Ax T Ay @
wfceenfad X fan ST 79 e wd g

Fo (X, Ay) = A2 (y2 + 2xy) = A2 F (X, Y)

F, W Ay) =& (2x=3y) = AF,(x )

Ay v .,

F, (Ax, Ay) = cos (Ej =C0S (;) =N F(xy)

F, (A, Ay) = sin Ax + cos Ay # A" F,(x, y), Br&T ft noF o

7E1 30 Uferd wed € FF wem FLF, B @ FOX, Ay) = AVF(x,y) 3 &9 F femar
ST WAl € WY Fer F, 6 30 w9 H T feran s wewan 81 5 en frefatad wftm
o L 2

Her F(X, y), N S S1ell S e sheelil 81 A1 el =R 3R A% fag
F (A, Ay) = A" F(x,y)

T e X § foh S 3w # F, By F %R0 2, 1,0 51 S SAETd e
€ S F, S e T 2
&0 I8 off ferd ww € fR

o R(xy)=y* (1+ 27)(}: yzhz(

Sl Fz(x,y)=yl(25—3J=y1h4(5],
y y

Fy(X,Y) = x°cos( yj =X hg (l)

X
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) #x(L] o N it ot o
0o (X
aferen F,(xy) = Y h{;),ne N
THAT Th e F (X, y), NS4 Sl GHEE el hedrd @ A

F(x,y):x”g(%) A y”h(%}

%zF(x,y)#mwwa@wwﬁnm%aﬁﬂx,y)wmw
G Her B

& _ _ (lj

o F(xy) =g » Q)
%mmﬁw&ﬁawﬁwaﬁmwéﬁmm%:vam

y=vx -2
wicreernfid wed €
TR (2) T X o WUE Feeheld i W Y 9K HLd T

ﬂ:v-;-xﬂ .. (3)

dx dx
W(s)@%mmﬁwﬂ)ﬁﬁwﬁaaﬁmmmwﬁ%:

dv
v+x&_g(v)
dv
g x&_g(v)—v . (4
GHRTOT (4) W = i YUk HE W EH W@ H © :
dv. dx
g(v)—v_7
TR (5) % S UEll 1 THRCR S T BH U B e

d 1
I g(V)V—V:'[ ;dX+C (6)

afe vt L9 whreenfa vt fe S A wele (6), Sraeel THIETr (1)
X

F T YSH KLl B

.. (5)
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dx
aﬁmaraﬁﬁaqawwww=ﬂx,y)$mﬁ%|aﬁ

F (X, y) I ¥ oTell G9ee 6o © df g X_y spefa, X = vy Ffaeenfud &
y

%’aﬂtﬁmwﬂaﬁaﬁéaw%=F(x,y)=hGJ & &Y § for@e e B
I FHE o faw i aed 2

IETETOT 15 <IMEY o 3ferehel Geiepor (x—y)%=x+2ywaﬁ1a%aﬁ1mw
X

A HifT)

Tel U U srashel et o) Frefafga w9 sifiered fran s ogekar @

dy x+2y
v Xy .. (1)
_ X+2y
T St F(xy)= >
_ A2y .
W F(/Ix,ﬂy)— /’i,(X—y) ﬁ’ f(X!y)

THAY F(X, y) I =d ool FHEEe hed 2|
1a: feon g3 ofoehel THiHIUl Uk THEET feshel THIRl 2|

faweya:
2y
1 -
& | :g(lj
| 4 Y X - (2)
X

SR (2) 1 SET qE g(%ﬁ % ¥ H T 3T e I HG oTell T GHSE
o ¢l TAfT GHIRT (1) Teh GO st TH
TUH B H o T gH Yiaeenq i 8

y = VX .. (3)
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HHRTOT (3) T X o GUY FThed HE W EH I F B

Yy
dx dx
Tl (1) ¥y %wmﬁwﬁawﬁm%ﬂwaﬂﬁ%:
dv 1+2v
V+X—=
dx 1-v
. XQX=1+2v_
° dx 1-v
dv v +v+1
37
ﬁq dx 1-v
v-1 —dx
dv =
9 V+v+1 X

R (5) o 3T gl 1 GHHT I W EH U W B
v-1 dx
I dv —_

V2 +v+1 X
2v+1-— 3
e f dv=—log| x|+C
V2 + vl
1 2v+1 3 1
- dv—— dv=—log| x|+ C
Sl 2Iv2+v+1 Zjv2+v+1 ol x|
1 3 1
Zlog|vZ+v+1|—-= dv=—log| x|+C
CRENl > ol | 2Iv2+v+1 ol x|
e %Mgh2+v+ﬂ—§f L ~dv=—log| x|+C

1 3 2 v+l
Zlo v2+v+1——.——mn46———j:—m x|+C
SREN) 5 gl | 2 J§ Jg gll

417
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. (5)
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S5l %|°9|V2+V+1|+%Iogx2=\/§tan1[2\”1) iC

V3

v ﬁ%,@uﬁwﬁamﬁmmmaﬁ%:

7o %Iog i—i+%+1 +% log x° :Jétan‘l[zjgxxj +C
1o %Iog i—i+%+1}x2 =\/§tanl(2‘);§+xxj+cl
317 log|(y? + xy + )| = 2\/§tan‘l[ ZEXX]+2C1
317 log|(x?+xy + y?)| = 2J§tan‘1(xj§iy]+c

T8 FTaFRA THIE (1) F] AOF T B

SEETOT 16 TS fo raehel WO xcos(yjz—y: yCOS(X]-FX e € 3R
X

) dx
THHT BA 1A HiTSIC)
o1 T gen eraehd "o frfafad w9 § foran <1 dehar B

o yCOS [%) +X o
o X COS(%)
aﬁ%:F(x,y)éﬂmw eIkl GHIHT B

ycos(i}rx
B F(x,y)= — X7 3

X COS (Xj
X
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X% AXY TE y &l Ay W Ffeenfud & W g0 W i 8

i[ycos(l}rx]
F O, y) = ———2——= 2°[F(x,Y)]
/l(xcos;)

F (X, y) I ST STell GHEME Fed 8, gHiery 5o gan stashel THisl Ueh Taemde
eehel THISHIUl B SEh B i o {oIU B Wiaeeras &id 8:

Y = VX e
HHiRTOT (2) T X b el e i T EH WK Hd ¢

= —vix— )

it (1) § yue %aﬂnﬁqﬁwﬁﬁwmgﬂmmﬁ%:
dv vcosv+1

V4 X— =
dx CosV

dv_ vcosv+1

SRl

dx  cosv
dv 1
gl X—=—"
dx cosv
dx
A cosv dv =—
X
1
i J'cosvdv='[—dx
X
SRE sinv=log|x|+log|C]|
SR sinv =log | Cx|

vﬁ% yfereenfad = W B9 9 W 7

sin (Xj = log|Cx|
X

T8 TR THIH (1) 1 ATH T B
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SETET0T 17 SEW T Sreehel THEHI 2y @Y dx+ (y— 2xe’ ) dy =0 THE § 3R
g, x =0 5a y=1 T gsm & @ 30 G &1 faftre g1 9@ wifsml
T T gen srasha g frefafaa w9 o foaen st dea 2:

X

dx 2xe7 -
== ) . (1)
dy z
2y e’
X 4| 2xe’ -V
2xe”? —y .
A ey F(x,y) = & F(AX, AY) =—————==4 [F(x,y)]

X X
2ye”’ /{ZyeyJ

3Fd: F(x, y) I oA aTell GHEdia Bed 2|

zafay, o gen eraeshel GHI W Ueh SR STaeha i 2|

THH T A HIH 6 AT, €F X = vy Taerae s 2

TR (2) 1y o GUET Sfeshel i UEH UK Hd ©
ax dv

—=V+y—

dy dy
e (1) § x @%wmqﬁwﬁamﬁmwww%’:

dv 2ve'-1
V+y—=
dy 2¢’
dv 2ve'-1
31T —= — -
dy 2e
era yﬂ—— L
dy  2¢e'
Ya 2eVdv=_—Oly
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dy
Sl 2e". dv=—|—
fae'.ov= -] 2

SRE]| 2ev=—log ly|+C

vaﬁ%ﬁqﬁwﬁﬁwﬁmgﬂwwﬁ%’:

2¢e” +log|y|=C - )
Tl (3) §, x=0Ts y= 1 gfaeenfud & W W W H o
2e+log|l|=C=C=2
C &1 H THiehT01 (3) | wiqeefud s W gH 9w i ©
2 ¢ +log ly|=2
g U U erame GHisor 1 Uh fafire el 2

IEET0T 18 SWisq b ookl @1 e, foeh Tl fog (x, y) R =991 3@ &1 gaor
X%+ y?

2, X2 -y = cX g U&Y @I
2xy

T B WA § fh U 9% o frdl fag w el @ &t gam %éﬁwzﬁ?ﬁ%l

y2
2 2 1+—
dy _xX+y oW T & ()
dx  2xy dx 2y
X
T GHIRTT (1) GHE STl GHIRT B
THh] Bl B o T BH y = vx Fiera i €

y = VX ST X el SFaeho il T gH U 8:

ESISI

2
ﬂ:v+xﬂ a0 V+X£:1+V
dx dx dx 2V
2
Ad: d_Vzl—V 2v dV=% Bl 2v dv:_%

dx 2v 1-v? X V2 -1 X
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i J‘szildv=—_|%dx

Jgdr log [v2—1[=-log |x| + log |C,|
377l log |(v* - 1) (x)| = log |C|
an (V-1 x= =% C

vﬁ% Y yfaeenfud 1 W B9 U w4 o

2
[y—z—ljx:ircl
X
AYgar (Y =x) =+ C xAx*-y>=Cx

| vt 9.5 |

1 ¥ 10 T o Ucieh W9 H TS foh Tl gan ateehel QI GO & @I 57
T YAF Hl T BT

, X+Y
1. (X +xy)dy = (x* +y?) dx 2. 9§
3. (X=y)dy—-(x+y)dx=0 4. (x2—-y)dx +2xydy =0
d
5. xzd—i=x2—2y2+xy 6. xdy-ydx=4/x?+y?dx
7. {XCOS(X)-F ysin(lj} y dx ={ysin(1)— xcos(lj}x dy
X X X X
8. xﬂ—y+xsin(lj:0 9. ydx+x|og(l)dy—2xdy:0
dx X X

o

y

11 | 15 G oF U9 § Ucieh 3Taehel UHIS o foTg fSU gU fdee &l 9qs & aret
fofere &t d s

11. (x+y)dy+(x-y)dx=0;y=13afgx x=1

12. Xdy +(xy +y)dx =0;y=13afkx=1

(1+e§ dx+e§(1—lj dy=0
10. L J
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[xsinz(lj—y}dXerdy:O; y=§ e x =1
X

ﬂ—l+cosec(lj=0; y=03afgx=1
dx x X

2xy+y2—2x2%:0; y=23afgx=1

X

d
d—§=h(ﬂéﬁwmﬁwaﬁﬂaaawmaﬁmwaﬁmﬁ@ﬁf@a
9 ®F o yfaeered fRan s 2

(A) y=vx (B) v=yx (C) x=vy (D) x=v
frefafad o @ A 9 FEEE ek THiE 22

(A) (4x+6y+5)dy —(3y + X +4)dx=0

(B) (xy) dx—(x®+y%)dy=0

C) (C+2y)dx + xydy=0

(D) y2dx + (x2—xy —y?) dy =0

9.5.3 g araeher THIEIOT (Linear diffefential equations)

Yy py-q,
dx

o ®Y el STaehel HHIeH0, TSeH P s Q 3T 31el shael X el ©, YW hife
o1 Maeh el THR whedd S Jo| i o Mg Tahad T & 5o
I TH GHR B

S

Y.y |1
dx (xlogx /) x

o o o __dx :
Jorq Fife o @ sTahal FHIHIT H T €9 Hohs—+P1x=Q1%, o P,

Q, TR 1 I y o el €1 TH THR o STl THH % D IE

dx
frefafed 2 d_y+X=C°5y
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I A L oF T FHRI o6 IHT 9& Hi x o Hed g (X) F 00 HH W FH I
EXGHE

d
900 - +P.9(y=Q.g(x e
g () T TP TH YRR KIS MMk TR0 1 SR T y . g (X) FT STEhers 99 S :
d d
aref 900 g +P.g Y= g ]
storen 000 L 4rgy=00 L +yg®
dx ' dx
= P.g (X) = 9'(x)
p= 9
s g(¥)

AN g&l HT x ok & HHRGR G T eH U H o
_ (9 ®
J-PdX— J‘mdx
SPE| IP.dleog(g(x))

Tera g (x)= glP

FHIHROT (1) F1 g(x) = &/P* T oM FH W 3T FHHIUT HT AT T XAy R
ot e T STaeRersl O S 1 A€ e g(x) = elP* X gu Sfeehel TR
HHTeher™ 0Tk (I.F.) Fear
TR (2) | g (x) T A iaeenfid S W B9 9| i B

eij%+ pel ™y =Q.el™
X

e %(yeIde):erde
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AT el X, o WY& AR F T EH U il 7
y.me::I(Q'ébm)dx

SIPEIE y:ei.[PdX.J‘(Q.e...de)dx_,_c
TE el GHIHIU 1 AGF & o
qom Hife oF ek Taeher THHTUT o T i o o |fmfera Rt
(i) ﬁngaawﬁwﬁ%+Py=Qé?mﬁﬁrF@QW P, Q 3= 1eran
ehael Xoh el &

(i) FHERE U (L.F) = oJPo Fd shifSal
(i) ST gU e THIH *1 ga Fefafed 9 o fafau:

y. (LF) = [(Qx1F.)d+C

dx
aﬁgwﬁﬁaﬂ%ﬁéﬁﬁWW@+HX=Q1$wﬁ%WP13ﬁIQ1

3TeR el Shael yoh Hed €, ad |LF. = o/ Pty SN

x(I.F) = [(Qx1F.)dy+C srmpet wefihn &1 & 2

SEMETOT 19 3{eTehe] GHIHR %_y:msxmwwaﬁaﬁﬁm
X

ol T g3 sTasd WHihI

d o
d—i+Py=Q%, SETP=-13MR Q = cosx

e |F. = T se
GHfiehToT o AT el R LF. W TN % R W U i 2

et dy

—e Yy =e""c0sXx
dx y
dy (o x)_ x
37dn —=(ye™*)=e"cosx
dx(y )
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AT galf T xoh WYY FHERGH T T EH YIE I o
ye’xzfe’xcosx dx+ C )

oM ofifee T |:Ie’xoosxdx

= cosx(e;j— .[(—sin X) (—e7*) dx

= —cosxe* —jsin xe X dx
= —cosxe* —[sinx(—e”‘) —jcosx (- dx]

= —cosxe *+sinxe™* —jcosx e * dx

AN | =—e*cosx+sinxex—|
Y 21 = (sin X — cos X) e

sinx —cosX)e
aqar | = ( )

2
gt (1) | %1 7 gfaeenfud s W 89 UE Hd 7

_ SINX—COoSX ) _
ye Xz(—je *4+C

2
sin X —Cos X <
SREN y=T+Ce
g feu g 1aehel WHIHT w1 =0 B 2
dy

SETETUT 20 STk THIHIUI X~ +2y =x% (x=0) 1 =UF FA TG BT

dx
o e gan eresha gHi B

dy 2
X—+2y =X
I y .. ()

T (1) o 3 gEl F x Y 9 39 W EH W S B

w2

=X
dx xy

g, ;—di+Py=Q,$waﬂ%ﬁﬁWww%|aﬁ P=§®Q=xé|

ERIISIY I.F. = le(’X: e2logx = €'%% = x? [Srrfer eP9f ™ = f (x)]
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Wﬁ@@wﬂwmm%
y.x= f(x)(xz)dx+C = Ix3dx+C
X -2
AT y=7+Cx
g XU gU erashel THie 1 AU ' €|
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y
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y
31d: U g 3Terhel WHietol & B B:
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y y

X
SRE]| —=|2dy+C

|

X
37 §:2y+C
379l X =2y?+ Cy

7e XU gu 3Taehel GHIh{Ul & A9 & &l

SSTEIUT 22 AThel THIHI
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